Mathematica 11.3 Integration Test Results

Test results for the 494 problems in "1.3.1 Rational functions.m"

Problem 12: Result is not expressed in closed-form.

J\ b+ b + b +
X

Optimal (type 3, 188 leaves, 7 steps):
p1/3, _2(bicx)
ArcTan | ﬁb;;/; ] Log[b-b'? (b2 -3ac)*?+cx]
+

V3 b23 (b2-3ac)?? 3b23 (b2-3ac)??

2
Log[b*? (b?-3ac)®?+b*3c (b*-3ac)'’ [E+x) +c? [E+x
c c

}/ (6b2/3 (b2—3ac)2/3)

Result (type 7, 63 leaves):
Log [x - #1]
b% +2bcul+ c?n1?

1 2 2 2 3
~RootSum[3ab+3b?nl+3bcHl?+c?H1’ 8,
3

Problem 13: Result is not expressed in closed-form.

1
J dx
(3ab+3b2x+3bcx2+c2x3)2

Optimal (type 3, 245leaves, 8 steps):
C (% + X)

73b<b2—3ac) (3ab+3b>x+3bcx?+c?x)

bl/3, 2 (b+cx)
2 cArcTan| V;—b:;/; ] 2cLog[b- b3 (b2—3ac)1/3+cx]

34/3 b53 (b2 -3ac)®? 9b%3 (b2 -3ac)®”?

+

c Log [b?/3 (b2—3ac)2/3+b1/3c (b2—3ac)1/3 [E+x
c

b
+c2(—+x
C

2})/ (9b5/3 (b2—3ac)5/3)

Result (type 7, 112leaves):
1 3 (b+cx)
- +
9 (b°-3abc) [3ab+x (3b2+3bcx+c?x?)

Log[x - #1
2 cRootSum|[3ab+3b?Hl+3bcnl?+c?al’ g, el 1 &]

b2 +2bcHl+c?nl?
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Problem 14: Result is not expressed in closed-form.

1
J dx
(3ab+3b2x+3bcx2+c2x3)3

Optimal (type 3, 305leaves, 9steps):

c(%+x) ) 5c2(5+x)

_6b <b2—3ac) (3ab+3b2x+3bcx2+c2x3)2 18 b? (bz—_%ac)2 <3ab+3b2x+3bcx2+c2x3) i

bl/r3+ 2 (b+cx)

SCZAPCTan[ﬁi] 5c2Log[b-b3 (b2-3ac)'?+cx]
+

9\/?b8/3 (b2—3ac)8/3 27 b8/3 <b2—3ac)8/3
2
5c? Log[b?/3 <b2—3ac>2/3+b1/3c<b2—3ac)1/3[E+x +C2[E+X ] /(54b8/3 (b2—3ac)8/3>
C C
Result (type 7, 149leaves):
1 [ 3(b+cx) (3b°-15b2cx-5c*x*-3bc (8a+5cx?))
- +

54 (b>-3abc)? (3ab+x (3b2+3bcx+c2x?))?

Log[x -l
10 c* RootSum[3ab+3b?nl +3bcul? + c? 11 g, 8l ] &}]

b2 +2bcHl+c?nl?

Problem 31: Result more than twice size of optimal antiderivative.

J(bx+cx2+dx3)”dlx

Optimal (type 6, 132leaves, 3 steps):

1 2dx " 2dx o 5 -
X |1+ 1+ —mM8M8M (bx+cx +dx)
l+n c-/c2-4bd c+v/c2-4bd
2dx 2dx

Appe11F1[1+n, -n, -n, 2+n, - -

c-Vc2-4bd ’ c+Vc2-4bd
Result (type 6, 438 leaves):



Mathematica 11.3 Integration Test Results for 1.3.1 Rational functions.nb | 3

/¢~ 4bd -
2’1’”d(c+x/c2—4bd] (2+n) x| ve-and
2d

1+n

(2b+ (c—x/c2—4bd

c-Vc2-4bd +2dx
d

x)z (x (bex (cedx))) o

1/

2dx 2dx
3
c+Vc2-4bd -c+Vc2-4bd

[[—c+\/m) <1+n> [c+\/m+2dx

Appe11F1[1+n, -n, -n, 2+n, -

2dx 2dx
3
c+Vc2-4bd -c+Vc2-4bd
2dx 2dx
(—c+x/c2—4bd]Appe11F1[2+n,1—n,—n,3+n,— s ] -
c+vVc2-4bd -c++/c?2-4bd

2dx 2dx
(c+x/c274bd]AppellF1[2+n,7n,17n,3+n,7 ]]]]

J
c+Vc?2-4bd -c++/c?-4bd

+

(Zb (2+n) AppellF1[1+n, -n, -n, 2+n, -

n X

Problem 32: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

j(a+dx3)”d1x

Optimal (type 5, 35leaves, 2 steps):

X (a+dx3)1+n Hypergeometric2F1|1, §+n, ;i —dxa]

a

Result (type 6, 196 leaves):

1 al/3 . (_1>2/3d1/3x 1 1+dli%)
2-n ((71>2/3 al/3 | gl/3 x) a
d'/3 (1+n) (1+(-2)?) a2 3i++/3

i ((_1>2/3 al/3 4 g1/3 x) i+/3 - 2dY/3x

al/3

)
V3 als? 3i+43

a+dx3)"AppellFl[1+n, -n, -n, 2+n, -
(

]

Problem 37: Result is not expressed in closed-form.

J4 +4 +4 +
X
ac c° X CdX dX

Optimal (type 3, 529 leaves, 10 steps):
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V2 cec/4 [ 324/ Braad? /2 dx /4. [ 32 3raad? /2 (c+dx)
d ArcTanh | ] d ArcTanh | ]
cl/4 .| ¢3/2_./ 3.4 ad? /4 | e3/2.\ 3iaad?
- +
242 34+ c2+4ad? \/c3’/2—\/c3+4ad2 242 34+ c3+4ad? \/c3/2—\/c3+4ad2

c c 2
dlog[+/c \JP+4ad? -+/2 cl/“d\/c3/2+xlc3+4ad2 (—+x) +d? (—+x ] /
d d

4~2 4B +sad? Jc3/2+x/c3+4ad2 +

C c 2
dlog[+/c \J?+4ad? ++/2 cl/“d\/c3/2+x/c3+4ad2 (—+x) +d? (—+x ] /
d d

42 34\ +aad? Jc3/2+xlc3+4ad2

Result (type 7, 71leaves):
Log[x - #1]

1 2 2 3 2 4
~RootSum[4ac+4c?u1?+4cdnl®+d?u1t g,
4 2c21+3cdn1?+d?n1d

Problem 38: Result is not expressed in closed-form.

1
J dx
<4ac+4c2x2+4cdx3+d2x4)2

Optimal (type 3, 746 leaves, 11 steps):
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(§+x) (c3—4ad2—cd2 (§+x)2)

16ac (c3+4ad2) (4ac+4c2x2+4cdx3+d2x4>

N2 il c32 B raad? > dx
d[c3+12ad2+c3/2\/m) Ar‘cTanh[ + \/ + + +\F } /
cl/4 \/Ca/z P aad

32+/2 ac’/? (c3+4ad2)3/2Jc3/2—x/c3+4ad2 +

¥4 32 cB+4ad? -2 (c+dx
d[c3+12ad2+c3/2x/c3+4ad2)Ar‘cTanh[ \/ ( >] /
c1/4\/C3/2_ﬁ/c3+4ad2

32+/2 ac7/4(c3+4ad2)3/2\/c3/2—«/c3+4ad2 - d(c3+12ad2—c3/2xlc3+4ad2)
2}/
64 /2 ac7/4(c3+4ad2)3/2\/c3/2+«/c3+4ad2 + d[c3+12ad2—c3/2xlc3+4ad2)
2}/

c
Log[\/?«/c3+4ad2 —ﬁc1/4d\/c3/2+xlc3+4ad2 (—+x
d

C
+d2(—+x
d

c
Log[Vc /2 +4ad® ++/2 cl/“d\/c3/2+xlc3+4ad2 (—+x
d

C
+d2(—+x
d

64+/2 ac’/? (c3+4ad2)3/2\/c3/2+«/c3+4ad2

Result (type 7, 182leaves):

4 d 4ad 2 d
lcrdx) (42d+cx[2c+dx)) +RootSum[4ac+4c?u1?+4cdul® +d> 01t g,

4dac+x? (2c+dx)2

(2 Log(x-n1] +12ad®Log[x-#1] +2c?dLog[x - #1] #11 + c d® Log[x - 1] 111?) /

/(64ac (G+4ad?))

(2c2m1+3cdn1?+d?m1?) &

Problem 43: Result is not expressed in closed-form.

1
dx
Jsaez—d3x+8de2x3+8e3x4

Optimal (type 3, 153 leaves, 4 steps):

| 5
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2 ArcTanh| didex ] 2 ArcTanh| didex ]
3d2-2+/d*-64ae? 3d%+2+/d*-64ae?

\d*-64aed \/3d2—2\/d4—64ae3 \d*-64aed \/3d2+2\/d4—64ae3

Result (type 7, 71 leaves):
Log[x - #1]
d®-24de?n12-32e3 113

~RootSum[8ae?-d>nl+8de?n1®+8e’nl*g,

8]

Problem 44: Result is not expressed in closed-form.

j — 4
X
<Sae2 d3X+8de2X3+893X>2

Optimal (type 3, 342leaves, 5steps):

2e (f—eer) (13d4—256ae3—48d2e2 (f—e+x)2)

(5d8—64ad4e3—16384a2e5) (8ae2—d3x+8de2x3+8e3x4>

24 e (d"+128ae3—d2 \/d* —64ae3 ) ArcTanh | d+dex ]
3d2-2+/d*-64ae3

(d*-64ae3)*? (5d*+ 256 a e?) J3d 2+d* esae’

24 e (d“+128ae3+d2 m) ArcTanh | didex ]
3d2:2+/d* 6aae’

(d*-64ae?)*? (5d*+ 256 ae3) J3d 2d* esae’

Result (type 7, 234 leaves):
(d+4ex) (5d*-128ae®*-12d*ex-24d?e? x?)

(d4—64ae3) (5d4+256ae3) (8ae2—d3x+8de2x3+8e3x4) :

48 e? RootSum[8ae? - d®>nl + 8d e? 11’ + 8 €3 11 &,

32ae?log[x-H1] +d3Log[x-#1] #1 +2d?eLlog[x - 1l] #1? &})/
-d3+24de?n1? +32e3 113
(-5d®+64ad*e’®+16384a%€°)

Problem 49: Result is not expressed in closed-form.

1
J dx
8+8x-x3+8x4

Optimal (type 3, 268 leaves, 16 steps):
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(1) 2- [6(1+v29 ) + &
ArcTan|====] 1 149, 67+/29 (129 ) +x]

- - — | =————— ArcTan|
127 12 1218
V7 6(—1+\/29)
8
g 2+ /6(1+\/29) .8
—_— Ar‘cTan[ }f
1218
6(—1+\/29)
i\/M Log[3/29 - 6(1+\/29) (1+i +(1+4— 2}+
24 1218 X X

1 \/—109+67\/29

24 1218

Log[3V/29 + |6 (1+\/29 ) (1+ i] . (1+ 4_J2}
X X
Result (type 7, 45leaves):
Log[x - 1]
8-3m1%2+321:13

RootSum|[8 + 811 - #1® + 8 11* &, &

Problem 50: Result is not expressed in closed-form.

J ! dx
(8+8x—x3+8x4)2

Optimal (type 3, 357 leaves, 18 steps):
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207 + 29 (1+§)2 5(5157+199 (1+‘Xi)2) (1+‘Xi)

+

2 2
336 (261—6(1+i—) +(1+;—‘)4) 87696 (261—6(1+§) +(1+§)4)

12 \/ 180983329+45923327 /29 ArcTan [ -8 (1+ 29 ) +; ]
3-(1+— 1218
17 ArcTan | e ] ) 6 (1429 ) )
1008 V7 87 696

2+ |6 (1+m) +8
X

180983 329+45923 327 /29 Ar‘cTan[
1218
6 (71“/ 29 ) 1

87696 175392
180983329 + 45923327 /29 4 4.2
+ Log[3\/29— 6(1+\/29) (1+* +(1+* }‘F
1218 X X
1 180983329 + 45923 327 /29 4 4.2
- Log[329 + |6 (1+V29 ) (1+— +(1+— ]
175392 1218 X x

Result (type 7, 113 leaves):
544 + 1539 x - 1146 x2 + 784 x3 1

N
43848 (8 +8x - x> +8x%) 21924
2243 Log[x - #1] - 1097 Log [x - #1] 1 + 392 Log [x - #1] #1? &]

8-311%2+32113

RootSum|8 + 8 11 - 111% + 8 11 &,

Problem 55: Result is not expressed in closed-form.

1
J dx
1+4x+4x%+4x*

Optimal (type 3, 234 leaves, 15 steps):
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1 2 1 1
—Ar‘cTan[;( 1+{1+— }—; ;(2+ 5 Ar\cTan
X
1+\F
1 |1 2+ 2(1+\E) 2
N *(2+\E) ArcTan | ] -
2 5
2(—1+V?)
2
1 l(,2+\5) Log[+/5 - 2(1+\/?) (1+l (1+1 ] +
41 s N 5
2
1 1( 2+\/—) Log[V/5 + ( ﬁ) (1+l +(1+1 ]
41 s b 5
Result (type 7, 47 leaves):
lRootSum[l+4J_¢1+41¢12+4Hl4 &, M&}
4 1+201+4013

Problem 56: Result is not expressed in closed-form.

J ! dx
(1+4x+4ax?+axt)?

Optimal (type 3, 317 leaves, 17 steps):
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) 17- (1+2)° ) (59-17 (1+2)°) (14 2] +

2(5-2 (1+i)2+ (1+i)4) 10 (5-2 (1+i)2+ (1+l)4)

2- (2 (145 +2
7 1 1\2), 1 x
ArcTan[[1+(1+ ]29\/10(5959+2665\/?> ArcTan| ] -
4 2 X
2(—1+\/?)

2+ [2 (1445 42
11 x
—J—(5959+2665ﬁ) ArcTan | ] +
20 \| 10

2(-1+\/?)

] _

X X

L\/L(—5959+2665\/?) Log[/5 - 2(1+ﬁ) [1+1)+(1+l

2

]

10 X X

1\/1(5959+2665\/?) Log[v5 + |2 (1++/5] [1+1)+(1+3

Result (type 7, 108 leaves):
1 (38+84x-32x2+72x%3

40

+

1+4x+4x%+4x*
27 Log[x-11] -16 Log[x -#1] #1 + 18 Log [x - 11] 112

RootSum|[1+ 411 +411% + 411% &,
1+2n1+4m13

8]

Problem 61: Result is not expressed in closed-form.

J + 24 + - +
X
8 24 x 8 X 15 x 8 X

Optimal (type 3, 263 leaves, 16 steps):
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-5167 + 235/ 517

40326

1

8

|

Result (type 7, 55 leaves):

RootSum|8 + 24111 + 8 #1? - 15113 +

6- [2(19++/517 8
1\/5167+235 \/517 ( " ) " x
- ArcTan | ] -
4 40326
Jz (719“/517)
6 2 (19 ++/517 &
1 | 5167 +235+/517 " ( " ) ko1 |3 8+12x-5x2
= Ar‘cTan[ ] Y Ar‘cTan[i] -
4 40326 41\ 13 /39 x2
Jz (719“/517) X
3\/5167+235 > Log| V517 - |2 (19++/517 | (3+i +(3+£ .
8 40326 X X

572 V57) 5] o ])

Log[x - 1]

&]
24 + 16 11 - 45 112 + 32 113

8 11% &,

Problem 62: Result is not expressed in closed-form.

1

dx
J(8+24x+8x2

—15x3+8x“)2

Optimal (type 3, 366 leaves, 18 steps):
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6- |2 (19+m) +§

1944/517 (1 678181 + 74897 \/57) ArcTan |

40326 5 (7

645216

6+ |2 (19”@) +§

2o*17 (1678181 + 74897 1/517 | ArcTan |

2 (-19+/517 |
N
645216

3|3 {8+12x—5x2 1 59644114 671451 + 2623170438295 /517
- — Arclan -
208 | 13 39 %2 645216 40326

4 4,2 1
Log[V517 - |2 (19++/517 | [3+ f) . (3+ =]+

X X 645216

59644114 671451 + 2623170438295 /517 4
Log[V517 + 2 (19++/517 (3+—
40326 X

Result (type 7, 128 leaves):
72888 + 89033 x - 94314 x2 + 39280 x> 1
161304 (8 + 24 x + 8 x? - 15> + 8 x*) : 80652
74897 Log[x - 11] - 57489 Log [x - #1] #1 + 19640 Log [x - #1] 112 g
24 + 16 1 - 45112 + 32113

RootSum|8 + 24111 + 81112 - 15113 + 8 1% &,

Problem 65: Result more than twice size of optimal antiderivative.

J(as+5a4bx+10a3b2x2+1@a2b3x3+5ab4x4+b5x5) dx

Optimal (type 1, 14 leaves, 1 step):
(a+bx)®

6b

Result (type 1, 61 leaves):

5 10 5 b> x®
a’x+—atbx?+ —alp? X+ = a?bixt+abtx’+
2 3 2 6

Problem 92: Result more than twice size of optimal antiderivative.

1
J4d1x
1- (c+dx)2

4
+(3+—
X

2

]
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Optimal (type 3, 10leaves, 2 steps):
ArcTanh[c +d X]
d

Result (type 3, 32leaves):
7Log[1—c—dx] Log[l+c+dx]
2d 2d

Problem 95: Result more than twice size of optimal antiderivative.
[Pk
X
1-(1+x)?

Optimal (type 3, 4leaves, 2steps):
ArcTanh[1 + X]

Result (type 3, 15leaves):

L 1
7L[X]+7Log[2+x]
2 2

Problem 103: Result is not expressed in closed-form.

X3
J—dlx
a+b (c+dx)3

Optimal (type 3, 234 leaves, 11 steps):

1/3_5 p1/3
(a73a1/3b2/3c2+bc3)Ar‘cTan[g(—La 267 “dx}

X V3

bd3 " \Eaza b4/3 g4
(a+3a'3b?3c?+bc?) Log[al/?+ b3 (c+dx) |
3a2/3 b4/3d4
(a+3a?b23c?+bc3) Log[a?/?-al2 b3 (c+dx) +b?3 (c+dx)?] clogla+b (c+dx)?]

6 a2/3 b4/3 ¢4 B b d*

+

Result (type 7, 132leaves):
1
3b2d*
(—3bdx+RootSum[a+bc3+3bc2d1:t1+3bcd21:t12+bd31:t13 &, (alog[x-#l] +bc?Log[x-#1] +
3bc?dlog[x-#1] #1+3bcd? Log[x -#1] #1?) / (¢ +2cdnl+d?n1?) &)

Problem 104: Result is not expressed in closed-form.

2
J—dlx
a+b (c+dx)3

Optimal (type 3, 210leaves, 9steps):
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c (2a%/2 b3 c) ArcTan| M]

V3 2 c (2a¥2+b'3c) Log[al’? + b3 (c+dx) |
\/?az/3 b2/3 d3 i 3a2/3 b2/3 d3 -
c (2a'?+b'3c) Log[a?? - a3 b3 (c+dx) +b?3 (c+dx)?] Logla+b (c+dx)?]
6 a2/3 h2/3 ¢3 ' 3bd?

Result (type 7, 81 leaves):
Log[x - #1] #1?

RootSum|[a+bc®+3bc’dnl+3bcd>n1?+bd®nl’ g,

&
3bd c2+2cdel +d2u1? ]

Problem 105: Result is not expressed in closed-form.

X
J—dlx
a+b (c+dx)3

Optimal (type 3, 180 leaves, 7 steps):

al/?-2bY3 (crdx)
(a3 - b2 c) ArcTan[ 2 Zg;i P (@13 613 ) Log[at? bV [ dX) ]

3 a?/3 p?/3 g2 3 a2/3 b2/3 d2
(a1/3+b1/3c) Log[a2/3—a1/3 pl/3 (c+dx) L b2/3 (c+dx)2]

6 a2/3 b2/3 d2

Result (type 7, 79leaves):
Log[x - H#1] #1

RootSum[a+bc>+3bc?dnl+3bcd®m1?+bd?n1’ g,
3bd c2+2cdal+d?m1?

8]

Problem 107: Result is not expressed in closed-form.

J ! ix
X (a+b (c+dx>3)

Optimal (type 3, 224 leaves, 11 steps):

bl/3 ¢ ArcTan [ M}
\/?31/3

3 2/3 1/3 1/3
V3 a3 (a3 _al3plic b2/3c?) arbc 3a%/3 (al/3 4 b3 ¢

Log(x] Log[al?+Db'3 (c+dx) ]|
N -

(2a%2 - b3 c) Log[a?? - al2 b3 (c+dx) +b?3 (c+dx)?]

6 a2/3 <32/3 _ a1/3 bl/3 ¢ + b2/3 C2>

Result (type 7, 119leaves):
1
- —————|-3Log[x] +RootSum|[a+bc*+3bc’dnl+3bcd’=1?+bd®nl’g,
3 (a+bc3)
3c?log[x-#1] +3cdLlog[x-11] #1+d? Log[x -£1] 112
c?2+2cdml +d>n1?

8]
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Problem 108: Result is not expressed in closed-form.

J 1 dx
x? (a+b <C+dx)3)

Optimal (type 3, 314 leaves, 11 steps):

1/3_511/3
bl/3 (al/3 - b1/3 c) <a1/3+b1/3c>3dArcTan[g—)—a’ 2077 (crdx

1 N ] 3bc?dLlog|x]
- + - +
(a+bc3)x A/3 a2/3 (a+bc3)2 <a+bc3)2
b3 (a'/? (a-2bc*) -bY3c (2a-bc?)) dlog[a?+bY? (c+dx) ]| 1

3323 (a+bc3)2 76a2/3 (a+bc3)2
b'/? (a'’? (a-2bc?) -b3c (2a-bc?)) dLlog[a®?-al? b3 (c+dx) +b¥3 (c+dx)?] +
bc2dlog[a+b (c+dx)?]

(a+bc3)2

Result (type 7, 173 leaves):
o 1r
3 (a+bc3)2x
(-3 (a+bc®+3bc’dxLog[x]) +dxRootSum[a+bc®+3bc*dul+3bcd u1®+bd’ui®g,
(-3aclog[x-nl] +6bc*Log[x-n1] -adLlog[x-x1] =l +
8bc’dLlog(x-n1] #l+3bc?d? Log[x-#1] #1%) / (c2+2cdnl+d?n1?) &)

Problem 109: Result is not expressed in closed-form.

J ! ax
x3 (a+b <c+dx)3)

Optimal (type 3, 393 leaves, 11 steps):
1 3bc?d

2 (a+bc3) x2+ <a+bc3)zx+

p2/3 (a1/3 + bl/3 c) 3 (a _3a323pl3cib c3) d? ArcTan [ al/’sffbﬁ;//;(’?d X) ] abec (a b c3> P2 Log []

V3 a?? (a+bc?)? (a+bc)?
! b*? (a*+6a*?b*?c*-7abc*-3a"? b3 c®+b*c®) d? Log[a'/? + b1/3 <c+dx)] +
3 a2/3 (a+bc3)3
1

b2/3 (a2+6a4/3 b2/3¢c2_7abc3-3al3p53¢5 4 b2 c6> d?
2/3 3)\3
6a (a+bc )

bc(a-2bc3) d?Log[a+b (c+dx)?]

Log[a®’?-a'2 b3 (c+dx) +b*3 (c+dx)2] +
(a+bc3)3

Result (type 7, 244 leaves):
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bt (3(asbc) (asbc® (c-6dx])
6 (a+bc3)3x2
18bc (a-2bc?) d*x* Log[x] +2d?x?RootSum[a+bc®+3bc?drl+3bcd?n1?+bd’ 113 &,
(a®Log[x-nl] -16abc’ Log[x - #1] + 10 b* c® Log[x - 1] -
12abc?dlog[x-#1] #1+15b%c®>dLlog[x-#1] #1-3abcd? Log[x - #1] #1% +
6 b c*d? Log[x - #1] #11%) / (c®+2cdul+d?n1?) &)

Problem 110: Result is not expressed in closed-form.

X3
j — X 4
a+b (c +dx)4
Optimal (type 3, 356 leaves, 16 steps):
3c2Ar‘cTan[@Fﬂ>—z} c (3\E+Wc2) ArcTan|[1- M]

al/4
+
2+/a /b d* 2+/2 a3/4p3/4 gt
C (3\/?+\mc2) Ar‘cTan[lJr m}

al/4

2+/2 a¥/4 ¥4 dt
c(3va -b ¢ Log[Va - V2 a¥4 bV (cdx) + Vb (c+dx)?]
4-/2 a¥/4pd/ads
c (3\/?—\58) Log[va + /2 al/4b¥* (c+dx) + Vb (c+dx)?] Logla+b (c+dx)?]

+

42 a3/4p3/4 g 4bd*

+

Result (type 7, 106 leaves):

RootSum[a+bc*+4bc>dnl+6bc?d?n1%+4bcd®n1®+bd*nl* &,
4bd

Log[x - #1] 113

&
c3+3c2dal+3cd?H12+d3 13 ]

Problem 111: Result is not expressed in closed-form.

2

X
J—dlx
a+b (c+dx)4

Optimal (type 3, 318 leaves, 14 steps):
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cAr‘cTan[@Fﬂﬁ} <\/?+\/Fc2) ArcTan|[1 - M}
a

al/4
- - +
Va b d? 2+/2 a¥4p¥Adl
(\/?+ \/Fcz) ArcTan[1+ V2 b (crd) bl//‘:m“dx ]
al/

+

212 a¥4 b3/ ¢?
(\/?—\/Fcz) Log[va -2 a¥4b¥* (c+dx) +3b (c+dx)?]
4~/2 a¥4 b3 g 7
(\/?,\/FCZ) Log[Va ++/2 at/4b¥* (c+dx) +/b (c+dx)?]

4+/2 a3/4 b3/4 d3

Result (type 7, 106 leaves):

RootSum[a+bc*+4bc?dnl+6bc’d?n1? +4bcd®n1® + bd n1* g,
4bd

Log[x - #1] #1?
c3+3c2dHl+3cd?m1?+d3 13

8]

Problem 112: Result is not expressed in closed-form.

X
J—dlx
a+b (c+dx)4

Optimal (type 3, 261 leaves, 14 steps):
Ar‘cTan{@Fﬂﬁ] cArcTan[1- ml/:“m)—]

+ —

2+/a b d? 2+/2 a¥/4bpi/4d?

cAr‘cTan[lJr %ﬂl} cLog[\/;f\/?al/“ pl/4 (c+dX> +Vb <c+dx)2]
2+/2 a¥/4bl/4d? i 4+/2 a3/4pl/4d? )
clog[va ++/2 at/*b¥* (c+dx) +Vb (c+dx)?]

4+/2 a3/4 b1/4 d2

Result (type 7, 104 leaves):

RootSum|[a+bc*+4bc*dnl+6bc?d?n1?+4bcd®n1®+bd*nl* g,
4bd

Log[x-#1] H#1
c3+3c2dHl+3cd?m1?+d3 13

8]

Problem 114: Result is not expressed in closed-form.

J ! dx
X (a+b (c+dx>4)

Optimal (type 3, 393 leaves, 18 steps):
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/,
a 31/4

Vb e Ar‘cTan[@F&)—z] b4 c (\/?+\/Fc2) ArcTan|[1 - M}
+

Z\E(a+bc4) 2\/?a3/4(a+bc4)

bl/4 ¢ (\EJr\/FcZ) Ar‘cTan[1+ %M] Log[x]
+

2+/2 a¥4 (a+bc) a+bct
(b”“c (\/?—\/Fcz) Log[vVa -2 a*bY* (c+dx) +b (c+dx)2”/(4\/7a3/4 (a+bc4)) +
(bl/“c (\/?—Wcz) Log[Va ++/2 a4bY* (c+dx) +/b (c+dx)2})/(4\/7a3/4 (a+bc4)) -

Log[a+b <c+dx>4]

4(a+bc4>

Result (type 7, 163 leaves):
1
-—————(-4Llog[x] +RootSum[a+bc*+4bc®dul +6bc?d®m1? +4bcd®n1® + bd* 1t g,
4 (a+bc4)
(4c®Log[x-n1] +6c*dLog[x-#1] #l+4cd®Log[x-nl] #1* + d® Log[x - 1] #13) /
(2+3c?dn1l+3cd*n1?+d>n1’) &])

Problem 115: Result is not expressed in closed-form.

J : ax
x2 (a+b <c+dx)4)

Optimal (type 3, 496 leaves, 18 steps):

1 b ¢ (a—bc“)dAr‘cTan[@Eﬂ)—z]

- - +

(a-bct) x Va (arbct)’

b1/4 (\E (a-3bc*) +/b c? (3afbc4)) dArcTan[1 - V2 bY* (crd) ]

al/4

2+/2 a3/4 (a+bc“)2

bl/4 (\/? (a-3bc*) +b c2 (3a—bc4)) dArcTan |1+ V2 b (erd) bl;:/f*dx ] 4bcdLog [X]

22 2% (a+bct)? (a+bc*)?
(bl/“ (\/? (a-3bc*) ~+/b ¢2 (3a—bc4)) dLog[\/?—\/?al/“b”“ (c+dx) +\/F(c+dx)2])/
(4\/7a3/4 (a+bc4)2)+
(b1/4 (\E (a-3bc*) ~+/b c? (3a—bc4)) dLog[\/?Jr\/?al/“bl/4 (c+dx) +W<c+dx)2])/
+bc3dLog[a+b(c+dx>4}

(a+bc4)2

(4\/7a3/4 (a+ bc“)z)

Result (type 7, 238 leaves):
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1 4 3
———— (-4 (a+bc*+4bc*dxlog[x]) +
4 (a+bc4)2x
dxRootSum[a+bc4+4bc3d111+6bc2d21112+4bcd3tt13+bd4tt14&
(-6ac’Log[x-#1] +18bc®Log[x-n1l] -~4acdLlog[x-nl] =l +
20bc’dlog[x-H1] #1-ad?Llog[x-#1] #1%2+15b c*d? Log[x - #1] #12 +
4bc®d® Log[x-11] 11%) / (B +3c?dul+3cd?nl? + d’u1?) &)

Problem 120: Result is not expressed in closed-form.

1
J dx
a+8x-8x2+4x3-x4

Optimal (type 3, 89leaves, 4 steps):

ArcTan| —2%*—] ArcTan| —2*—]
N 1-4+a . \ 1+/4+a

2\ /4+aJ1-+Ja+a 2/4+a J1+/4+a

Result (type 7, 57 leaves):
Log[x - H#1]

1 2 3 4
- = RootSum|[a + 811 - 8112 + 411 - n1* g,

&
4 -2+411-311%+113 ]

Problem 121: Result is not expressed in closed-form.

J 1 dx
(a+8x—8x2+4x3—x4)2

Optimal (type 3, 169 leaves, 5steps):
(5+a+ (—1+X>2) (—1+X)

4 (12+7a+a?) (3+a—2 (—1+x>2— (—1+x)4)

(10+Ba+\/4+a)Ar‘cTan[ } (10+3a—\/4+a)Ar‘cTan[ ]
1-/4+a \ 1+ 4+a
8 (3+a) (4+a)>2+\1-+/4+a 8 (3+a) (4+a)¥2+/1++/4+a

Result (type 7, 150 leaves):
<71+X) (6+372X+X2)

4 (3+a) (4+a) (a-x(-8+8x-4x*+x3))

RootSum|a + 811 - 8 1#1% + 41113 - 111% &,
16 (12+7a+a?)

12 log[x-H1] +3alog[x-H1] -2 Log[x-#1] #1 + Log[x - #1] 11?2
-2+411-3012+ 013

8]
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Problem 122: Result is not expressed in closed-form.

J = dx
(a+8x—8x2+4x3—x4)3

Optimal (type 3, 252 leaves, 6 steps):
(5+a+ <—1+X)2) (—1+X>

+

8 (12+7a+a2> (3+a—2 (—1+X>2— (—1+X>4)2

((6+a) (25+7a) +6 (7+2a) (—1+x)2) (-1+x)

32 (3+a)2 (4+a)? (3+a—2 (—1+X>2— (—1+X)4)

3(80+7a%+144va +a(47+44ra || ArcTan| L
Jivas

64 (3+a)? (4+a)%2/1-~/4+a

3 (14 149 8047272 az) ArcTan| —21 ]
Vé+a J1aa

64 (3+a)” (4+a)2/1+V4+a

Result (type 7, 254 leaves):
1 16 (-1+x) (6+a-2x+Xx?)

— +

128 { (3+a) (4+a) (a—x(—§3»+8x—4x2+x3)>2

4(-1+x) (7a2+6 (32-14x+7x2) +a (79-24x+12x2))

(3+a)® (4+a)? (a-x (-8+8x-4x%+x3))

1 2 3 4
3 RootSum|a + 811 - 8112 + 4113 - 11* &,

(12+7a+a%)?
(108 Log[x-11] +55alog[x-#1] +7a%Log[x-H1] -28 Log[x-#1] #1-8alog[x - H#1] #1 +

14 Log(x - #1] #1> +4alog[x - nl] #1%) / (-2+4u1- 3017+ n1?) &]

Problem 127: Result is not expressed in closed-form.

X
J dx
a+8x-8x2+4x3-x*

Optimal (type 3, 116 leaves, 8 steps):

ArcTan =Lex ArcTan — L (14x)?
rcTan | P ] rcTan | v ] +Ar‘cTanh[4—)—1% ]

- +
2vVa+a \J1-Va+ra 2V4+a J1+Va+a 2v4+a

Result (type 7, 59 leaves):
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Log[x-#1] #1

1
- = RootSum|[a + 811 - 8112 + 411% - 1% &,
4 -2 +411-301% + 113

8]

Problem 128: Result is not expressed in closed-form.

J X dx
(a+8x—8x2+4x3—x4)2

Optimal (type 3, 231 leaves, 10 steps):

1+(71+x)2 . (5+a+(—1+x)2) (-1+x) i

4 (4+a) (3+a—2 (-1+x)%- (—1+x)4) 4(12+7a+a?) (3+a—2 (-1+%)2- (—1+x>4)

18+3a++/4+a | ArcTan 18+3a-+/4+a | ArcTan| —1%— 1s (-14x)2
( ) { T - } ( ) [ e ] ) Ar‘cTanh[ vrax }
3/2
8 (3+a) (4+a)>2/1-4+a 8(3+a) (4+a)32+\/1+V4+a 4ara)¥

Result (type 7, 166 leaves):

a+2x-ax+ax?+x3

4(3+a) (4+a) (a-x(-8+8x-4x2+x3))

RootSum|a + 811 - 8 1412 + 41113 - 111% &,
16 (12+7a+a?)

(6 Log[x-11]) +alog[x-nl] +4Log[x-#1] #l+2alog[x-nl] ul+Log[x-nl]nl?) /
(-2+481-3812+11%) &]

Problem 129: Result is not expressed in closed-form.

J X dx
(a+8x—8x2+4x3—x4)3

Optimal (type 3, 349 leaves, 12 steps):
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1+ <71+X>2

N
8(4+a) (3va-2(-1+x)2- (—1+x)4>2

3(1+(—1+x)2) ) (5+a+(-1+x)2) (-1+x) )

16<4+aﬁ(3+a—2(—1+w2—(—1+ﬂ4) 8(12+7a+aﬂ(3+a—2<—1+@2—<—1+ﬂ4y

((6+a) (25+7a) +6 (7+2a) (—1+x)2) (-1+x)

32 (3+a)? (4+a)? (3+a-2(-1+x)2 - (~1+x)*]

3 (8@+7a2+14 Va+a +a (47+4\/H))Ar‘cTan[’17”‘
1-+/4+a

64 (3+a)® (4+a)%2/1-V4+a

3(14+4a- 80472728 ) ppeTan [ X 1o (1%
( 2 ) [ v ] +3Ar‘cTanh[ e ]
5/2
64 (3+a)2 (4+a)2\/1+/4+a 16 (4 +a)

Result (type 7, 284 leaves):

1 16(a+2x—ax+ax2+x3)

128 | (3+a) (4+a) (a—x(—8+8x—4x2+x3)>2

(4 (a2 (5-5x+6x) +6 (-14+28x-12x2+75%) +a (-7+31x+12%))) /
((3+a)* (4+2)2 (a-x (-8+8x-4x2+x)]] -
1

—————————3RootSum|a + 811 -811% + 411® - n1* g,
(12+7 a+ a2>2

(72 Log[x - #1] +31aLlog[x - 1] +3 a2 Log[x - #1] + 8 Log[x - #1] #1+ 16a Log[x - #1] £#1 +

43’ Llog[x-u1] #l+14Log[x - nl] #1®+4alog[x-u1] #1?) / (-2 +4nl-3n1%+nl?) &|

Problem 134: Result is not expressed in closed-form.

2

X
J dx
a+8x-8x2+4x3-x*

Optimal (type 3, 99leaves, 9steps):

ArcTan| —2*—] ArcTan| —2*—] Ar‘cTanh[l*(’l*XV}

) Jivaas ivas Nrees
2vJ1-4+a 2v1+/4+a 4+a

Result (type 7, 61 leaves):

1 Log[x - #1] 112
-~ RootSum[a +8u1-811% +411% - 11* &, 8l ]
4 -2+401 3112+ 113
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Problem 135: Result is not expressed in closed-form.

2
J dx
(a+8x—8x2+4x3—x4)2

Optimal (type 3, 225leaves, 11 steps):

1+ (-14x)? (4 +a) (2+(-1+x)2) (-1+x)

+

2 (4+a) (3+a72 (-1+x)2- (—1+x)4) 4 (12+7a+a?) (3+a72 (-1+x)2- (—1+x>4)

(4+a+\/4+a ) Ar‘cTan[’li*x} (4+a—\/4+a ) Ar‘cTan[’li*x] APCTanh[h(fler)z]
1-+/4+a 1++/4+a “4ra

- +

2 (4+a)¥?
8 (3+a) (4+a)\J1-+4+a 8 (3+a) (4+a)\J1+V4+a

Result (type 7, 182leaves):

2x<4—3x+2x2> +a (1+x—x2+x3)

4(3+a) (4+a) (a-x(-8+8x-4x>+x3)) )

RootSum|a + 811 - 8112 + 4113 - 1% &,
16 (12+7a+a?)

(-aLlog[x-11] +4Log[x-n1] #1+2alog[x- 1] #l+4Log[x-1] #1?+alog[x -11] #12) /
(-2+411-3012+11%) &]

Problem 136: Result is not expressed in closed-form.

J\ X
dx
27 a° + 27 a bX + 27 a“CcX +9abX+bX

Optimal (type 3, 545leaves, 14 steps):
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3(-1)Y?a??c'?-2bx ]/
V3 \/a \/ab-3 (-1)%%at3 23

-] (-2)*2 (2 (-1)*?b+3al?2 c2/3) ArcTan |

(3\/? (1+ (71)1/3)2a5/6 b2 \/4b73 (-1)23 al/3 23 c2/3)

2/3 1/3
(2b-3al/3c?3) ArcTan| 3a%7c/P+2bX

3 /a \/4b-3al/3c2/3
94/3 a5/6b24/4b_3a1/3c2/3 C2/3

(-1)?? (2b+3 (-1)*?al? c2/3) ArcTan |

3 (—1)2/3a2/3c1/3+2bx ] /
\/?\/?\/4b+3 (—1)1/3a1/3c2/3

(3\/? (1— (—1)1/3) (1+ (—1)1/3)2a5/6 b? \/4b+3 (—1)1/3 al/3 ¢?/3 C2/3) -

Log[3a+3a2?c¥3x+bx?| Log[3a-3 (—1)1/3 a3 13 x + b x?|
+ +
18 a2/3 b2 c1/3 6 (14 <71>1/3)2 a2/3 p2 c1/3

(—1)1/3 Log[3a+3 (—1)2/3 a?3 13 x + b x?]

18 a2/3 b2 C1/3

Result (type 7, 99 leaves):
1
=~ RootSum [27 a®+27a’bu1?2+27a%cH1®+9ab? 1% + b3 H1° &,

3
Log X -#1 H13

18a2b+27a2ctl+12ab?2 112 +2b3 14

Problem 137: Result is not expressed in closed-form.

3

X
dx
J27a3+27a2bx2+27a2cx3+9abzx“+b3x6

Optimal (type 3, 487 leaves, 14 steps):



343 (1+ (*1)1/3)2a7/6b\/4b73 (-1)22 a3 23 3
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_1)1/3 32/3 (1/3_
Ar‘cTan{ 3 (-1)/?a“>c 2bx

V3 va ab-3 (-1)22a13

2/3 (1/3
Ar‘cTan{ 3a%?c/’+2bx

\3 Va \/4b-3al/3c?/3

3 (71)2/3 a?/3¢l/3 . 2bx

9+/3 a7/6b1/4b7331/3 C2/3 C1/3

+ —1) 1/3 Ar‘cTan[

V3 a fabi3 (1) at

(3\5 (17 (71)1/3) (1+ (—1)1/3)2a7/6b\/4b+3 (-1)Y3a13 273 c1/3) +

Log[3a+3a%3c3x+bx?|

(—1)2/3 Log[3a-3 (—1)1/3 a?/3 c¥3 x + b x?]

54 a4/3 b c2/3

+

18 (1 . (—1)”3)2 a%/3 b c2/3

(-1)*7 Log[3a+3 (-1)*?a%3 3 x+bx?]

54 a4/3 b C2/3

Result (type 7, 99 leaves):

1
= RootSum[27 a®+ 27 a®bn1?+27a% cn1®+ 9ab? 11 + b 11 &,

3

Log[x - #1] 112

18a2b+27a2cHl +12ab? 1?2 +2b3 14

8]

Problem 138: Result is not expressed in closed-form.

2

X
dx
J27a3+27a2bx2+27a2cx3+9abzx“+b3x6
Optimal (type 3, 334 leaves, 8steps):
2 <_1>2/3 ArcTan { 3 (-1)Y3a2/3 Y3 2bx 2 ArcTan { 3a2/3cY/3:2bx
V3 Va \ab-3 (123 el V3 Va \ab-3a3 s

1/

N
9+/3 (1+ (71)1/3)2a11/6\/4b,3 (,1)2/3 al/3 c2/3 c2/3 27+/3 all/6+/ab-3al/3c2/3 23

2 (—1)2/3 ArcTan |

3 (-1)¥3a?3c32bx

3 +/a J4 b+3 (-1)Y/3al/3 /3

93 [1-(-1)*72) (1+ (-1)*?) atve \Jabe3 (-1) a3 23 2

Result (type 7, 97 leaves):

1
= RootSum|27 a® + 27 a? b11? + 27 a2 ¢ 1% + 9 a b2 n1* + b3 11° &,

3

Log[x - #1] 1l

18a2b+27a2cul+12ab?2 12+ 2b3 14

8]

Problem 139: Result is not expressed in closed-form.

J

X

dx

27a%+27a%?bx?2+27a%2cx3+9ab?x*+b3x®

+

| 25
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Optimal (type 3, 469 leaves, 14 steps):

3 (-1)Y3a¥3 3 2bx ArcTan [ 3a2/3c/3:2bx

V3 Va \Jab3 (1)2/3 a1/ 23 V3 Va \Jab3alrc

ArcTan |

9\/? (1+ (—1)1/3)2a13/6 \/4b—3 (_1>2/3 al/3 c2/3 (1/3 ) 27\/?313/64/4[)_331/3 c2/3 /3

_q\1/3 3 (-1)%2a¥3cY32bx
(-1)*° ArcTan| o
V3 Va \[abe3 ((1)V3 a1/ 23

93 (1- (-1)*?) (1+ (—1)1/3)2a13/6\/4b+3 (-1)12a13 23 13

Log[3a+3a?3c3x+bx?] (-1)*°Log[3a-3 (-1)"7a?3c'3x+bx?]
N _
162 a7/3 ¢?/3 54 (1+ (_1>1/3)2 a7/3 c2/3

(—1)2/3 Log[3a+3 (—1)2/3 a2/3 c1/3x+bx2}

162 a7/3 c2/3
Result (type 7, 95leaves):
1
~ RootSum |27 a®+ 27 a? b11? + 27 a2 ¢ 513 + 9 a b2 1% + b3 11° &,

3
Log[x - H1] &]

18a2b+27a2ctl+12ab?2 112 +2b3 14

Problem 140: Result is not expressed in closed-form.

J\; + 27 + 27 +9 +
X
27 a 27 a bX 27 a“c X abX bX

Optimal (type 3, 522 leaves, 14 steps):
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-] (-2)*2 (2 (-1)*?b+3al?2 c2/3) ArcTan |

3(-1)Y?a??c'?-2bx ]/
V3 \/a \/ab-3 (-1)%%at3 23

(27ﬁ (1+ (—1)1/3)2a17/6\/4b—3 (-1)%72a%/3 23 c2/3)

2/3 1/3
(2b-3al/3c?3) ArcTan| 3a%7c/P+2bX

3 /a \/4b-3al/3c2/3
81ﬂ/3 317/6“/4b—331/3 C2/3 C2/3

3(—1)2/3a2/3c1/3+2bx ] /
\/?V?\/4b+3 (—1)1/3a1/3c2/3

(27\/? (1= (-1)*2) (24 (-1)*2) a0 [ab 3 (-1)7 2812 23 c2/3) .

(2 (—1)2/3 b-3al/3? c2/3) ArcTan |

Log[3a+3a2?c¥3x+bx?| Log[3a-3 (—1)1/3 a3 13 x + b x?|

162 38/3 C:I'/3 54 (1+ (71)1/3)2a8/3 cl/3

(—1)1/3 Log[3a+3 (—1)2/3 a?3 13 x + b x?]

162 a8/3 c1/3
Result (type 7, 99 leaves):
1
=~ RootSum [27 a®+27a’bu1?2+27a%cH1®+9ab? 1% + b3 H1° &,

3
Log[x - #1]

&
18a2bnl +27a%2cHl?+12ab2ul3+2b31°

Problem 141: Result is not expressed in closed-form.

1
j dx
x(27a3+27a2bx2+27a2cx3+9ab2x4+b3x6)

Optimal (type 3, 563 leaves, 14 steps):
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_1y1/3 32/3 1/3_
(b—(—1)2/3a1/3c2/3)Ar'cTan[ 3ela ¢ 2bx
V3 Va \/ab-3 ((1)2Balr

9+/3 (1+ (71)1/3)2a19/6 \/4b73 (-1)22a1/3 23 (13

+

2/3 (1/3
(b7a1/3 C2/3> Ar‘cTan[ 3a%°ct/P+2bx
4bp-3al/3 cz/s

27+/3 a19/6 \/4b-3 a1/3 C2/3 c1/3

_1)2/3 32/3 c1/3
(71)2/3 ((—1)2/3b—a1/3 C2/3) Ar‘cTan[ 3 (-1)¥3a%3c342bx
V3 Va aba (1)1rar s

93 (1-(-1)*72) (1+ (-1)*?) a9 \Jab+3 (-1) a3

+

<3a1/3— %) Log[3a+3a2/3 c1/3x+bx2]
c?/

27 a3 486 al%/3
(b+1‘1\/3 b+6a1/3c2/3) Log[3a-3 (-1)" a3 '3 x+bx?

Log[x]

972 a10/3 c2/3

(3 gl/3 _ (11%Pb Log[3a+3 (-1)*?a22 13 x+bx?]

c2/3

486 a%/3
Result (type 7, 157 leaves):

1
- ; (-3 Log[x] + RootSum[27 a® +27a’bu1?+27a% cu1®+9ab? ul* + b =1° &,
8la

(27a”blog[x-n1] +27a*clog[x-#1] #l+9ab® Log[x - #1] #1% + b Log [x - 11] #1%) /
(18a%b+27a? ctl +12ab? 11? + 2 b n1%) &])

Problem 142: Result is not expressed in closed-form.

1
J dx
x2 (27a3+27a2bx2+27a2cx3+9ab2x4+b3x6)

Optimal (type 3, 645leaves, 14 steps):
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1

27 a3 x

+

3(_1)1/332/3¢1/3 _5p
(2 (_1)2/3 b2 4 12 (_1>1/3 al/3 b c2/3 19 52/3 c4/3) ArcTan | (-1)"7a%c X ] /

V3 \a \Jab-3 (-1)27al/2 22

(81\/? (14 (-1)*2)" a0 [ab -3 (-1)77 13 23 c2/3) +

2/3 1/3
(2b%-12a'2bc?/3 +9a%3 c*/3) ArcTan| 3a¥ic/Ta2bx

4b-3al/3 /3

243 /3 323/6 A/ 4b-3 a1/3 C2/3 c2/3

(-1)%2 (207412 (-1)*2alP b2 49 (1) a2 42

3 (71)2/332/3C1/3+2bx /
V3 Va \fabes (1) P ar e
(81\/? (1= (-1)*72) (24 (-1)*2) a0 [ab 3 (-1)" P12 23 c2/3) -

(2b-3a%3c??) Log[3a+3a%3c?x+bx?

ArcTan |

+
486 a11/3 C1/3

(2b—3 (-1)%7ats3 c2/3) Log[3a-3 (-1)"?a23 13 x+bx?]

.
162 (14 (-1)*?)% a1 e

(_1>1/3 (2b+3 (_1)1/3 al/3 c2/3) Log[3a+3 (_1)2/3 32/3 c1/3x+bx2}

486 a11/3 C1/3

Result (type 7, 163 leaves):

- ; <3+xRootSum[27a3+27a2b1112+27 a’?ct1®+9ab? a1+ b3 118 8,
81l a’x

(27a*blog[x-#1] +27a* clog[x-#1] #l+9ab® Log[x - #1] #1% + b’ Log [x - #11] 1% /
(18a’bnl +27a% cnl1?+12ab? 11’ + 2b* 11°) &)

Problem 143: Result is not expressed in closed-form.

5
J dx
216 + 108 x2 + 324 x3 + 18 x* + x°

Optimal (type 3, 395 leaves, 14 steps):
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(-2)'? <1+ (-2)* 32/3) ArcTan| —2 (222 332x ]
6 (4+3 (72>1/3 32/3)

35/6 \/8-%—9]'121/3 31/6+3 21/3 32/3

21/6 (3 (-3)1/3.21/3 x) 21/6 (3 31/3,91/3 X)

(%)1/6 (1— <—3)2/3 21/3) Ar‘cTan[ (1_21/3 32/3) Ar‘cTanh[

]

3 (4-3 (-3)2/3 21/3) 3 (-4+3 21/3 32/3)
- +
(1+ <_1>1/3)2\/4_3 (_3>2/3 21/3 21/6  35/6 \/_4+3 21/3 32/3
- (36+227 312 (1413 ]| Log[6-3 (-3)"2 222 x x| +
216
1 2/3 51/3 2/3 3173 2
— (18- (-2 3 L 6+3 (-2 3
198( ( ) ) og[ + ( ) X+X]+

i (18_22/3 31/3) Log[6+3 22/3 31/3X+X2]
108

Result (type 7, 61leaves):
Log[x - #1] #14

1 2 3 4 6
= RootSum|216 + 108 1112 + 324 111% + 18 111* + 1116 g, &]
6

36 + 162 71 + 12 712 + 11

Problem 144: Result is not expressed in closed-form.

x4
dx
J216+108X2+3~24X3+18X4+X6

Optimal (type 3, 377 leaves, 14 steps):

(_1> 2/3 (3 (_3> 2/3 22/3> Ar‘cTan[ 3 (-3)Y/32%3 2x }
6 (4-3 (-3)222/3)

9 31/6 (1+(1)1/3)2\/2(43<3)2/321/3)

21/6 (3 31/3,91/3 X)

(9 (-2)?31/3) ArcTan[ 2252302 | (9223 313) ArcTanh|
6 (443 (-2)1/232/3) 3 (-4+3 212 323

27J3(8+9121/3 31643 213 32/3) 27\/6(—4+3 2173 323)

1

Log[6-3 (~3)222/3 x + x| (—;)1/3 Log[6+3 (-2)%/2 313 x+ x?] Log[6+3 223 33+ x2]
N _

6 22/3 313 (1+(_1)1/3)2 18 2273 18 22/3  31/3

Result (type 7, 61leaves):

1 5 3 P Log[x - n1] #1°
=~ RootSum [216 +108 112 + 324 113 + 18 1% + #1° &, &
6 36 +162 71 + 12 712 + 11
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Problem 145: Result is not expressed in closed-form.

X3
J dx
216 + 108 x2 + 324 x3 + 18 x* + x°®

Optimal (type 3, 361 leaves, 14 steps):

ArcTan | —2220 222-2x ] (~1)Y2 ArcTan| —2 (021223139 % ]
6 (473 (-3)2/3 21/3) 6 (4+3 (-2)/3 32/3)
- N .

6 21/6  35/6 (1+(_1>1/3)2\/4‘3(‘3)2/321/3 9 22/3 35/6\/8+9]-121/3 31/6 ., 3 21/3 32/3

21/6 (3 31/3,01/3 x)

Ar‘cTanh[
3 [-4e3. 2223 (-1)*? Log[6-3 (-3)*? 223 x + x?]

- +

18 21/6 35/6+/_4 .3 21/3 32/3 36 21/3 . 32/3 (1+<_1>1/3)2

(-1)*° Log[6+3 (-2)*23Y3x+x2| Log[6+3 223 313x+x?]
+

108 21/3 32/3 108 21/3 32/3

Result (type 7, 61leaves):
Log[x - #1] #1?

1 2 3 4 6
= RootSum|216 + 108 111? + 324 1113 + 18 11* + 111° &,

&
6 36 +162 71 + 12 712 + #1* }

Problem 146: Result is not expressed in closed-form.

X2
J dx
216 + 108 x2 + 324 x3 + 18 x* + x°

Optimal (type 3, 248 leaves, 8steps):

(-1)%7 ArcTan| 3 (=312 22-ax ]

6 (473 (-3)%/3 21/3)

+

27 . 25/6  31/6 (1+ (_1>1/3)2\/4_3 (_3>2/3 21/3

21/6 (3 31/3,21/3 x)

(-1)2 ArcTan [ 2222 302x | ArcTanh |

6 (4+3 (-2)Y/23%3) W

]

81 21/3 31/6 \/8+9 421/3 31/6 |3 21/3 32/3 81 25/6 31/6 \/74Jr 3 21/3 32/3

Result (type 7, 59 leaves):

1 R ; 4 e Log[x - #1] 111
= RootSum|216 + 108 1112 + 324 11% + 18 1#11* + 116 &, &

6 36 +162 71 + 12 712 + #1*

Problem 147: Result is not expressed in closed-form.

J\ X
dx
216+1@8X +324X +18X + X
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Optimal (type 3, 361 leaves, 14 steps):

1/3 52/3
ArcTan| 2222 |

6 (4-3 (-3)222/3)

- +
3621/ 396 (14 (-1)12)"\[a-3 (-3)22 21
(-1)* ArcTan|[ 2 (-2)2/731%2x ]
6 (4+3 (-2)/3 32/3)
.
54 22/3 35/6 \/8+9]'121/3 31/6+3 21/3 32/3
21/6 (3 31/3,91/3 x)
ArcTanh |
(a2 3 (-1)% Log[6 -3 (-3)¥2 223 x + x2]
4 _
108 21/6 35/6 \/_4+3 21/3 32/3 216 21/3 32/3 (1+ (71>1/3)2

(-1)*7 Log[6+3 (-2)*?3Y2x+x2] Log[6+3 2%3 3V3x.:x?]
648 21/3 . 32/3 - 648 21/3 32/3

Result (type 7, 57 leaves):

1 5 3 4 6 Log[x - #1]
=~ RootSum [216 +108 #12 + 324 713 + 18 1#1% + 1% &,
6 36 + 162 71 + 12 712 + #1*

Problem 148: Result is not expressed in closed-form.

1
J dx
216 + 108 x% + 324 x> + 18 x* + x5

Optimal (type 3, 377 leaves, 14 steps):

(_1> 2/3 (3 (_3> 2/3 22/3> Ar‘cTan[ 3 (-3)Y/32%3 2x }
6 (4-3 (-3)22 2]

324  31/6 (1+ <1>1/3)2\/2 (473 (73>2/3 21/3)

21/6 (3 31/3,91/3 X)

(9 (-2)?31/3) ArcTan[ 2252302 | (9223 313) ArcTanh|
6 (443 (-2)1/232/3) 3 (443 212 327
972\/3 (8+91i2V/3 36,3 213 32/3) 972 \/6 (-4+3 213 323

Log[6 -3 (73)1/322/3x+x2} (—i)l/3 Log[6 +3 (—2)2/331/3X+X2} Log[6+3 223 313 . x2

+
216 . 22/3  31/3 (1+<_1>1/3)2 648 - 22/3 648 ~ 22/3 . 31/3

Result (type 7, 62leaves):
Log[x - H1]
36 41 + 162 112 + 12 113 + #41°

1 2 3 4 6
— RootSum [216 +108 #1° + 324 51° + 18 1" + #1° &,
6
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Problem 149: Result is not expressed in closed-form.

1
J dx
X (216+ 108 x2 + 324 x3 + 18 x4+x6)

Optimal (type 3, 415leaves, 14 steps):

(71> 2/3 ( <72>2/3 ) 32/3) Ar‘cTan[ 3(-2)%33Y342x% ]
6 (4+3 (-2)1/3 32/3)

216 ~ 21/3 . 35/6 \/8 +91q21/3 31/6 .3 21/3 32/3

21/6 (3 (-3)Y/3_21/3 X)

(-1)%2 ((73)”3 +#32Y3) ArcTan |
3 (473 (-3)2/3 21/3)

216 6V (14 (-1)*7)7[4-3 (-3)* 2

21/6 (3 31/3,51/3 x)

(1-2'2 3%/3) ArcTanh|
3 (74+3 21/3 32/3)

_Log(x]
216 21/6 35/64/_443 213 32/3 216
36+222 33 (1433 )] Log[6-3 (-3)1 222 x4 x?]
46656
(18- (-2)*°313) Log[6+3 (-2)*312x 2] (18-22% 313 Log[6+3 223 3V3x 1]
23328 23328

Result (type 7, 103 leaves):
Log[x]

1
- RootSum [216 +108 #1% + 324 1413 + 18 #1* + #1° &,
216 1296

(108 Log[x - 111] + 324 Log[x - #1] #1 + 18 Log[x - #1] #1% + Log [x - #1] n1*) /
(36 +162 11 + 12 112 + 111%) &|

Problem 150: Result is not expressed in closed-form.

1
J dx
x2 (216 +108 x? + 324 x3 + 18 x* + x°)

Optimal (type 3, 448 leaves, 14 steps):
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(27 (-6)1/3 - (-2)22 . 12 32/3) ArcTan| —220732x |
1 6 (4+3 (-2)1/3 32/3)

216 x 5832 31/6+/8 9 21/3 31/6 .3 p1/3 32/3

(-1) 2/3 (6 (-6)2/2+27 (-3) 13 21/3) ArcTan | 208 [3 03)20 -2

3 (4-3 (-3)2/3 21/3)

1944 66 (14 (-1)7%) \Ja -3 (-3)77 213

(22 +27 33 -6 62/3) ArcTanh| 20 (33020 ]

3 (-4:3 22 323

5832 61/6/-4+3 213 3273
(-1)%2 (9+ (-3)2227%] Log[6-3 (-3)*7 222 x+ x2]

1+ (-1)"2)°

+

1296 21/3 32/3

(3 (-6)2/3 12 (—2)1/3> Log[6+3 (—2)2/3 31/3x+x2} (22/3_3 32/3) Log[6+3 22/3 31/3x+x2}

7776 - 31/3 3888 6/3

Result (type 7, 109 leaves):

1 1 2 3 4 6
- - RootSum|216 + 108 1112 + 324 11 + 18 #1* + 11° &,
216 x 1296

(108 Log[x - #1] + 324 Log[x - #11] #1 + 18 Log[x - #1] #1% + Log[x - 1] n1*) /
(3611 + 162 112 + 121113 + 11°) &]

Problem 151: Result is not expressed in closed-form.

X8
j dx
(216 + 108 x? + 324 x> + 18 x* + x°)?

Optimal (type 3, 1064 leaves, 23 steps):
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([(i] (9 (6+ (-3)22223) + (2227 (6 (-6)22+ 27 (-3)*?] | ¥

(162 22 (14 (-2)7)" (4-3 (-3)22222) [6-3 (-3)"2 222 x+ x|
([-;)1/3 (9 (6- (-2)%232) + (2427 (-2)*73%2 v 12 (-2)*% 322 x| /
(729 2% (81922 3Y6.3 212 327) (643 (-2)77 3 x4 x?) ) +

9 (6*22/3 31/3) i <2+22/3 (27 31/3*6 62/3)> X
1458 - 22/3 . 31/3 (473 21/3 32/3) <6Jr 3 . 22/3 31/3X+X2>

1

j((—2)2/3+6 32/3) ArcTan| 3 (-2)7232x ]

6 (4:3 (227323

162 256 313 (14 (-1)*7)7[a43 (-2 32

(_1>1/3 (2+27 (_2>2/3 31/3 , 12 (_2>1/3 32/3) AI"CTan[ 3 (_2)2/3 3173, 2% ] /
\/6 (4+3 (72)1/3 32/3)
(162 21/6 35/6 (1, (,1)1/3)2 (1+ (71>1/3)4 (4+3 <72>1/3 32/3)3/2) -

(-1)* (6 (-6)2/2 427 (-3)** - 2%/3] ArcTan bl S )

3 (473 (-3)%/3 21/3)

81+/2 35/6 (1+ (_1)1/3)4 (4_3 (_3)2/3 21/3)3/2

(i2%/3-9 3V6_34323) ArcTan| il LA i)

]

3 (43 (-3)22223)

162 256 313 (14 (-1)*)7[a-3 (-3)2P 2

24/ (3 3134243 x]

(1+3 23 32/3) ArcTanh]|

]

3 (443 212 322

1458 21/6 35/6 \/74 +3 21/3 32/3

21/6 (3 31/3,21/3 x)

<21/3+27 31/3 _ g 62/3) Ar'cTanh[

3 (74+3 21/3 32/3)

81ﬁ35/6 (1_ <_1>1/3)2 (1+ (_1>1/3>4 (_4+3 2173 32/3)3/2

Log[6-3 (-3)"2223x+x2]  ilog[6+3 (-2)*?33x+x2] Log[6+3 223 313x+x?]
" -

972 - 21/3 . 32/3 (1+(71>1/3)4 972  21/3  31/6 (1+<71>1/3)5 8748 ~ 21/3  32/3

Result (type 7, 167 leaves):
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-7884 + 324 x - 3990 x2 - 11610 X3 - 203 x* - 9 x°
34182 (216 +108 x2 +324 %3 + 18 x* + x6)

————RootSum [216 +108 712 + 324 113 + 18 #1* + #1° &,
205092

(324 Log[x -n1] - 96 Log [x - 111] 11 + 324 Log [x - 1] #1% + 406 Log [x - 111] 11> +
9Log[x-#1] #1%) / (3611 + 162117 + 12 11° + 111°) &|

Problem 152: Result is not expressed in closed-form.

X7
J dx
(216 + 108 x? + 324 X3 + 18 x* + x6)2

Optimal (type 3, 1005 leaves, 23 steps):
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_((2 (2 (-1)V3323 .9 61/32 _9 ((_2>2/3+2 (-1)3 32/3) x)/
(972 222 (14 (-1)*?)" (4-3 (-3)22 23] (6-3 (-3)"2 222 x4 || -

(-6)13 (9 (-2)*3 42 313) —9 (14 (-2)*2322) x

4374 (8 +912V/3 31/6,3 213 3213 (6+3 (-2)%2 31/3x+x2)
2 (273 21/3 32/3) _3 (6*22/3 31/3> %
2916 -~ 22/3 . 31/3 (4_ 3 . 21/3 32/3) <6 +3 . 22/3 31/3x+x2>

+

3(-3)12223 .2
(9i+3Y2 (282229 3V642 223/3 )] ArcTan| (-3) X ]/

Je (473 (-3)23 21/3)

5832 (1+ (-1)1/3)5J2 (4-3 (-3)23 21/3) J .

(1+(-2)1 329 AncTan[ 222

4+3 )1/3 32/3

54+/6 (1 ( ( )1/3) (1+ (,1>1/3)4 (4+3 <72>1/3 32/3)3/2 +

(9 3V6.4i (4 2233 323)) ArcTan| —2L220302x ]
6 (4+3 (-2)1/3 32/3)

1944  32/3 (1+ (—1)1/3)5\/2 (4+3 (-2)*2 32/3)

2Y/6 (3 (-3)Y/3-273x )

54+/2 35/6 (1+ (_1)1/3)4 (4_3 (_3>2/3 21/3)3/2

(-1)*2 ((-3)*?+3 23] ArcTan|

21/6 (3 31/3,01/3 )

54ﬁ (1_ (_1)1/3)2 (1+ (_1>1/3)4 (_4+3 21/3 32/3>3/z

(1 - 21/3 32/3) ArcTanh

+

21/ (3 3134243 x]

(2227243 32/3)Ar‘cTanh[

3(—4+3 21/3 32/3) 1Log[6—3 (_3)1/3 22/3X+X2]
+

26244 316, [2 (-4+3 213 323 648 22/3  35/6 (1+(71)1/3)5

(]'l+\/?) Log[6+3 (-2)*?33x+x?] Log[6+3 223 313x:x

1296 -~ 22/3 . 35/6 (1+ <_1>1/3)5 17 496 22/3 31/3
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Result (type 7, 167 leaves):
648 - 96 X + 432 x? + 908 x> - 18 x* + 73 x° 1 , 3 4 s
RootSum|216 + 108 11% + 324 11 + 18 11* + 11° &,

+
68364 (216 + 108 x? + 324 x> + 18 x* + x®) 410184
(96 Log[x - n1] - 216 Log [x - 111] 111 + 96 Log [x - #11] #1? - 36 Log [x - #11] ©11® + 73 Log [x - 111] 11%) /

(36111 + 1621812 + 12 113 + 11°) &]

Problem 153: Result is not expressed in closed-form.

6

X
J dx
(216 + 108 x2 + 324 X3 + 18 x* + x°) 2

Optimal (type 3, 677 leaves, 14 steps):
9 (-2)%7 62 (94 (-3)42 222 x
2916 227 (14 (-1)1/3)4 (4-3(-3)%7213) (6-3 (-3)7 22 x+ 2]
(9 227+ (-1)12327 (243 (-2)12323) x) /
(13122 223 (84+9i2¥/3 31/6,.3 213 3273 (6+3(-2)2/331/3x+x2))+
3223 313 (2-3 213 323

+

+

8748 ~ 22/3 . 31/3 (4_3 21/3 32/3) <6+ 3 22/3 31/3x+x2>

(-1)* (3 (-3)° —22/3) ArcTan|[ —2 (-3)1/2 2832 x ]
6 (4-3 (-3)2/3 21/3)

486  65/6 (1+ (71)1/3)4 (473 (73>z/3 21/3)3/2

(3 (_3> 2/3 (_1> 1/3 22/3) Ar‘cTan[ 3 (-2)%33Y3:2x }
6 (4+3 (-2)Y/3 32/3)

486  65/6 (17 <71>1/3)2 (1+ (71>1/3)4 (4+3 (72)1/3 32/3>3/2

(222 -3 3%/3) ArcTanh| 2/¢ (33124212 ) ]
3 (443 212 323
+

486  65/6 (1_ <_1>1/3)2 (1+ (_1>1/3)4 (_4+3 )1/3 32/3)3/2

(—i)l/s Log[6-3 (-3)° 223 x+x2]

5832 213 1+ (-1)*7)°

ilog[6+3(-2)%?33x+x?] Log[6+3 223 313x.+x?
+
52488 21/3 3213

5832 213 316 (1.4 (71)1/3)5

Result (type 7, 167 leaves):
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~96+108 x - 64 x2-72x3+73x*-3x°
68 364 (216 +108 x2 + 324 x3 +18x* + X6> 410184

216 + 108 11? + 324 111% + 18 1% + 11° &, (108 Log[x - 11] - 32 Log[x - #1] #l + 188 Log [x - #1] =1? -
146 Log[x - #1] 1% + 3 Log [x - #1] #1%) / (36111 + 162 11? + 12 113 + 11 &

RootSum[

Problem 154: Result is not expressed in closed-form.

5

X
J dx
(216 + 108 x? + 324 x> + 18 x4+x6)2

Optimal (type 3, 682 leaves, 17 steps):

[3)7 (8- (-3 2224

+

1944  22/3 (1+ (-1)1/3)4 (4-3 (-3)%2 21/3) (6_3 (-3)*2 22/3x+x2)

(-i)m (4+ (-2)%3 31/3x)

8748  2%/3 (8+91i2V/3 3163 213 32/3) (6+3(—2)2/331/3x+x2)

4+22/3 31/3X

17496 ~ 22/3 . 31/3 (473 21/3 32/3) <6+3 22/3 31/3X+X2>

(=3)1/322/3 7

ArcTan| —2 ]
6 (473 (-3)%/3 21/3)

+

4374 2%/ 3V6 (14 (-1)12)"\[a-3 (-3)2 213

_3y1/392/3_
ArcTan| (2L 2-2x |

6 (473 (-3)2/3 21/3)

4374+/3 (8-91i2Y/3 31/6,3 2l/3 32/3)32

3(-2)%/333,2x ]

i ArcTan |
6 (443 (-2)12 32|

1458 25/ 373 (14 (-1)7%)7 [ 13 (-2)77 323

ArcTan| —& 542 ]
)

2)
[6 (443 (-2)1/2 323

4374+/3 (8+912Y/3 31/6,3 21/3 32/3)32

21/6 (3 31/3,21/3 x)

3 (74+3 21/3 32/’3)

8748 /6 (-4+3 2%/3 32/3)%2 39366 25/6 31/6+/ 4,3 213 3273

216 (33434213 x]

ArcTanh [

]

} ArcTanh [
3 (-4+3 212 323

Result (type 7, 167 leaves):
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972 - 144 x + 648 X2 + 729 x3 - 27 x* + 4 X5
N
615276 (216 +108 x2 +324 %3 + 18 x* + x6) 3691656

(144 Log[x - 711] - 324 Log[x - #1] ©1 + 2043 Log[x - 11] n1? -
54 Log[x - #11] 11® + 4 Log[x - #1] n1%) / (3611 + 162 111% + 12 11 + 111°) &]

RootSum[216 + 108 =12 + 324 11 + 18 #1% + 11° &,

Problem 155: Result is not expressed in closed-form.

4

X
J dx
(216 + 108 x? + 324 x> + 18 x4+x6)2

Optimal (type 3, 850 leaves, 23 steps):
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(-i)m (3 (-3)V2 22/3_2x)

5832 223 1+ (-1)*?)" (4-3 (-3)?2 213 [6-3 (-3)" 222 x+ 2]
113 2/3 521/3
({-f) (3 (-2)*2312 . 2x] /
3
(26244 2% (8922 3V6.3 212 327) (643 (-2)73 2 xux?) ) -

3 31/3+21/3X

52488 (9 23 -4 31/3) (6+3 2%3 313x.x?)

+

(71> 1/3 Ar‘cTan[ 3(-3)Y32%3 2x ]
6 (473 (-3)%/3 21/'3)

729  22/3 35/6 (1+ (_1>1/3)4 <8—91‘121/3 31/6 .3 21/3 32/3)3/2

(71)1/3Ar‘cTan[ 3 (=2)¥33Y3.2x }

6 (4+3 (-2)1/3 32/3)

2916 .~ 21/6  35/6 (1_ (_1)1/3)2 (1+ (_1)1/3)4 (4+3 <_2>1/3 32/3)3/2

(J'l + \/?) Ar‘cTan[ 3 (-2)%23Y342x }
6 (443 (-2)12 3]

11664 2V 313 (14 (-1)12)7\[443 (-2)72 323

21/6 <3 (-3)1/3_31/3 x) 21/6 <3 31/3,21/3 x)

1 Ar‘cTan[ Ar‘cTanh[

3 (4-3 (-3)%2 223 3 (-4+3 212 32

+ +

5832  2l/6  31/3 (1+(*1)1/3)5J4*3(*3)2/321/3 26244 2Y/6 35/6 (_4.+3 213 32/3)3/2

21/6 (3 31/3,21/3 x)

ArcTanh |

]

Jm Log[6_3(_3)1/322/3x+x2]

- +

52488 21/6 35/6./_4 .3 21/3 32/3  3499) 21/3 32/3 (1+(71)1/3)4

ilog[6+3 (-2)%73%3x+x2] Log[6+3  2%/3 313 x4 x?]

34992 21/3  31/6 (1+(_1)1/3)5 314928 21/3 323

Result (type 7, 167 leaves):
-288 +324x - 1458 x2 - 216 x> + 8 x* - 9 x°
1230552 (216 + 108 X2 + 324 x> + 18 x* + x®) 7383312

(324 Log[x -n1] - 2628 Log[x - 1] 11 + 324 Log[x - #1] #1? -
16 Log[x - #1] #11% + 9 Log [x - #1] #1*) / (36111 + 162 11 + 1211 + 11°) &

RootSum [216 +108 112 + 324 1113 + 18 H#1* + #1° &,
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Problem 156: Result is not expressed in closed-form.

3

X
J dx
(216 + 108 x? + 324 x> + 18 x* + x°)

Optimal (type 3, 873 leaves, 23 steps):
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(-6)1/3 (2 (-3)*3+9 21/3) ~3x

157464 (891213 31/6,3 213 32/3) (6—3(—3)1/322/3x+x2)

(-6)1/3 (9 (-2)*2+2 31/3) +3x

157464 (8491212 31643 213 323) (643 (-2)?312 x4 X2

2 21/373 62/3731/3X

104976 (9 213 -4 3Y3) (6+3 223 313x.x?)

+

_3y1/392/3_
ArcTan| (2L 22x |

6 (473 (-3)2/3 21/’3)

26244/3 (8-9121/3 31/6,3 13 32/3)3/2

3(-3)2223 2
(91313 (242239 39642 2234/3 )] ArcTan| -3) X ]/

\/6 (473 (-3)%2 21/3)

209952 (1+ (1)1/3)5\/2 (473 (-3)%3 21/3) ] B

_9y2/331/3
ArcTan| 22232 |

6 (4+3 (-2)1/3 32/3)

+

26244+/3 (8+912Y/3 31/6,3 213 32/3)32

21/6 (3 31/3,01/3 x)

(9 +3/3 (412239 3V6)) AncTan| 222023 02x ] ArcTanh|
6 (43 (222323 3 (-4:3 212 3]

+

. 2488 _ 3 ol/3  32/3)3/2
209952 (1+(1)1/3)5\/2(4+3(2)1/332/3> 52488/6 (-4 - )

(2 22/3-3 3%/3) ArcTanh]| 2/° (3 372272

3 (443 212 37 i Log[G— 3 (—3)1/3 22/3 x + Xz}
_ +

944784 31/6\/2(_4+3 213 3273 23328 2%/3  35/6 (1+(_1)1/3)5

(Ji+\/?) Log[6+3 (-2)*?33x+x*] Log[e+3 223 313x+x
N

46656  22/3  35/6 (1+(71)1/3)5 629856 22/3  31/3

Result (type 7, 167 leaves):
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972 - 3942 x + 648 X2 + 96 x3 — 27 x* + 4 x5
3691656 (216 + 108 x* + 324 x> + 18 x4+x6)

+

—————RootSum [216 +108 #12 + 324 113 + 18 1#1% + 111° &,
11074968

(1971 Log[x - #11] - 162 Log [x - #1] #1 + 72 Log [x - #1] #1? - 27 Log [x - 1] 11> +
2 Log[x - 1] #1%) / (36111 + 162 117 + 12 11% + 11°) &

Problem 157: Result is not expressed in closed-form.

2

X
J dx
(216 + 108 x? + 324 x> + 18 x4+x6)2

Optimal (type 3, 986 leaves, 23 steps):
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~[(27 ((-2)?+ 2 (-1)2322) -6 (94 (-3)1222) x) /
(1@4976 22/3 (1+ (-1)1/3)4 (4-3 (-3)23 21/3) (6-3 (-3)22 22/3x+x2))) -
(27222 (14 (-2)72323) - (-1)72323 (243 (-2)* 32/3) x| /
(472392 223 (8491 2Y3 3Y6,3 213 3273 (6+ )22 31/3x+x2)) N
9 (6—22/3 31/3> _ <273 91/3 32/3> X
/3

314928 2%/3 33 (4-3 213 32/3) (643 22

313 x4 x?)

(1+ i3 +3 213 32/3) ArcTan| —2 (-3)° 222 x ]
6 (4,3 (-3)%/3 21/'3)

+

8748 227 3%° (14 (-1)"?)" (8- 910213 3Ve.3 213 323)372

(3 <_3>2/3 . (_1) 1/3 22/3) Ar‘cTan[ 3(-2)%33%32x ]
6 (443 (-2)12 3]

+

17496 6%/ (1- (71)1/3)2 1+ (71)1/3)4 (443 (-2)7 32/3)3/2

(Ji + \/?) ArcTan [ e }
6 (4+3 (-2)1/3 32/'3)

+

34992 2V 313 (14 (1)) 1[4+ 3 (-2)72 323

21/6 <3 (73)1/3721/3 x)

i ArcTan |
3 (473 (-3)2/3 21/3)

17496 2V 313 (14 (-1)12)7\[4-3 (-3)22 213

2/ (33134213 x]

(222 -3 3%/3) ArcTanh|
3 (-4+3 212 323

17496 - 65/6 (1_ (_1>1/3)2 (1+ (_1>1/3)4 (_4+3 51/3 32/3)3/2

21/6 (3 31/3,21/3 x)

ArcTanh |
[3 (403 212 32 (1’1 + \/?) Log[6-3 (-3)° 223 x+ x?]
+ -
157464 21/6 35/6/_4 .3 21/3 32/3 419904 ~ 21/3  31/6 (1+ <71>1/3)5

ilog[6+3 (-2)*23Y3x+x2]  Log[6+3 223 313x+x?]
+

209952 21/3  31/6 (1+(_1)1/3)5 1889568 21/3  32/3

Result (type 7, 167 leaves):
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-7884 + 324 x - 2724 x%2 - 216 x>+ 8x* -9 x°

7383312 (216+ 108 x2 + 324 x3 + 18 x4+x6)

—————RootSum [216 +108 #12 + 324 113 + 18 1#1% + 111° &,
44299872

(324 Log[x - n1] + 2436 Log[x - 1] 1l + 324 Log[x - 11] #1® -
16 Log[x - #1] #11% + 9 Log [x - #1] #1*) / (36511 + 162 11 + 1211 + 11°) &

Problem 160: Result more than twice size of optimal antiderivative.

J(b+2cx) (bx+cx2)13d1x

Optimal (type 1, 15leaves, 1 step):

1 (bx+cx2)14
14

Result (type 1, 172 leaves):

14 14
b~ X +bB x4+ 13 b2 c? x*® + 26 b 3 x17 + 143 bl@ ¢4 x18
14 2 2
b8 6 %20 1716 b7 <7 x21 4 429
7
14 28
143 b® 10 324 | 26 b3 11 x25 4 13 b2 12 %26 , p 13 527 , & X
2 2 14

429
143 b° ¢ x*° +

b® c® x?? + 143 b° ® x> +

Problem 161: Result more than twice size of optimal antiderivative.

jxl“ (b+2cx2> <bx+cx3)l3d1x

Optimal (type 1, 16leaves, 3 steps):
e x*® (b+c X2>14
28

Result (type 1, 182leaves):

14 |,28
X Ipneae. Bz ayer, q3pn e, 222 o oy,
28 2 4 4
143 b° c® x38 + 429 b8 c® x*° + 858 b7 ¢” x*? + 429 b® & x* + 143 b® c® x*® +
2 4 7 4 2
14 |,56
£b4clex48+13b3cllxse+Eb2C12X52+1bC13X54+c X
4 4 2 28

Problem 162: Result more than twice size of optimal antiderivative.

szs (b+2cx3> <bx+cx4)13dlx

Optimal (type 1, 16leaves, 3 steps):
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ix42 (b+cx3)14
42

Result (type 1, 186 leaves):

14 42
b™ x . 1b13cx45+Eb12c2x43+§bllc3x51+ 143 10 <4 y54 |
42 3 6 3 6
143 b® c® x°7 + 143 b8 c® x%° + 272 b7 ¢” x® + 143 b® c® x%° + 143 b® c® x®° +
3 2 7 2 3
14 84
143 b 10 72 , 26 b3 11 75 . 13 b2 c12 478 1 b3y, & X
6 3 6 3 42

Problem 171: Result more than twice size of optimal antiderivative.

dx

jx7 (=1+n) (b +2¢ x”)

(bx+cx1*">8

Optimal (type 3, 21 leaves, 3 steps):

X—7 n

7n<b+cx”)7

Result (type 3, 127 leaves):
1

7 bt n (b+cx”)7
x7n (b14 +1716b7 ¢” x’"+12012b% c®x®" + 36036 b> c® x°" + 60060 b* c1® x1°" + 60060 b3 ! x!1" .
36036 b% ct? x¥?" 112012 b ¢ xB" + 1716 ¢4 x14")

Problem 192: Result more than twice size of optimal antiderivative.

J(b+2cx+3dx2) (a+bx+cx2+dx3)7d1x

Optimal (type 1, 21leaves, 1 step):

1 (a+bx+cx2+dx3>8
8

Result (type 1, 143 leaves):
lx (b+x (c+dx))
8

(8a7+28a6x<b+x (C+dx)) +56a° x? (b+x<c+dx)>2+70a4x3 (b+x<c+dx)>3+56a3x4
(b+x (c+dx))4+28a2x5 (b+x (c+dx))5+8ax6 (b+x<c+dx))6+x7 (b+x<c+dx))7)

Problem 195: Result more than twice size of optimal antiderivative.

b+3dx?) (a+bx+dx3)’ dx
(
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Optimal (type 1, 16leaves, 1step):
1 (a+bx+dx3>8
8

Result (type 1, 127 leaves):

1x(b+dx2) (8a7+28a6x(b+dx2) +56 a° x? (b+dx2)2+70a4x3 (b+dx2)3+
8

56 a3 x* (b+dX2>4+2832X5 (b+dx2)5+8aX6 (b+dX2>6+X7 <b+dX2)7)

Problem 196: Result more than twice size of optimal antiderivative.

J(b+3dx2) (bx+dx3)7d1x

Optimal (type 1, 15leaves, 1step):

i(bx+dx3)8

Result (type 1, 98 leaves):

b8 x8

7 35 7 d8 x2¢
o7 dxP e S b d2 x4 7bS AP XM T b A x4 7D AP X+ b2 dO X0 b X2 ———
8 2 4 2 8

Problem 197: Result more than twice size of optimal antiderivative.

Jﬂ (b+dx?)7 (b+3dx?) dx

Optimal (type 1, 16leaves, 2 steps):

1x8 (b+dx2)8
8

Result (type 1, 98 leaves):
b8 x&

7 35 7 d8 x2¢
o7 dxP e S b d2 x4 7bS AP XM T b A x4 7D AP X+ b2 dO X0 b X2 ———
8 2 4 2 8

Problem 198: Result more than twice size of optimal antiderivative.

J(Zcx+3dx2) <a+cx2+dx3)7d1x

Optimal (type 1, 18leaves, 1step):

1 (a+c:x2+dx3)8
8

Result (type 1, 115leaves):
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1x2 (c+dx) (Sa7+28a6x2 (c+dx) +56a° x* (c+dx)2+70a“x6 (c+dx)3+
8

56 a3 x8 (c+dx)4+28a2x1‘a (c+dx)5+83x12 (c+dx)6+x14 (c+dx)7)

Problem 199: Result more than twice size of optimal antiderivative.

J(Zcx+3dx2) (cx2+dx3)7d1x

Optimal (type 1, 17 leaves, 1step):

i(cx2+dx3)8

Result (type 1, 98 leaves):

8 16 8 24

X +c7dx17+Zc6d2x1’3+7c5d3x19+ﬁc“d“x29+7c3’d5x21+Zczd‘5x22+cd7x23Jr dx
8 2 4 2 8

Problem 200: Result more than twice size of optimal antiderivative.

Jx7 (cx+dx2)7 (2cx+3dx?) dx

Optimal (type 1, 14 leaves, 2 steps):

1x16 <c+dx)8

8

Result (type 1, 98 leaves):

8 16 8 24
X +c7dx17+Zc6d2x18+7c5d3x19+§c4d4x29+7c3d5x21+Zc2d6x22+cd7x23+—d X
8 2 4 2 8

Problem 201: Result more than twice size of optimal antiderivative.

Jxl“ (c+dx)7 (2cx+3dx?) dx

Optimal (type 1, 14 leaves, 1 step):

1x16 <c+dx)8

8

Result (type 1, 98 leaves):

8 16 8 24

X +c7dx17+Zc6d2x1’3+7c5d3x19+ﬁc“d“x29+7c3’d5x21+Zczd‘5x22+cd7x23Jr dx
8 2 4 2 8

Problem 202: Result more than twice size of optimal antiderivative.

Jx (2c+3dx) (a+cx2+dx3)7dlx
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Optimal (type 1, 18leaves, 1step):

1 (a+c:x2+dx3)8
8

Result (type 1, 115leaves):
1x2 (c+dx) (8a7+28a6x2 (c+dx) +56a° x* (c+dx)2+70a4x6 (c+dx)3+
8

56 a3 x8 (c+dx)4+28a2x1‘a (c+dx)5+8ax12 (c+dx)6+x14 (c+dx)7)

Problem 203: Result more than twice size of optimal antiderivative.

Jx (2c+3dx> <cx2+dx3)7d1x

Optimal (type 1, 14 leaves, 2 steps):

1 16 8
— X c+dx

Result (type 1, 98 leaves):

CS X16

7 35 7 d8 x24
+c7dx7 + =B AP xBTS X s A d* 7 X s — P xPPrcd X ——
8 2 4 2 8

Problem 204: Result more than twice size of optimal antiderivative.

st (2c+3dx) (cx+dx2)7d1x

Optimal (type 1, 18leaves, 1step):

1x8 (cx+dx2)8
8

Result (type 1, 98 leaves):

CS X16

7 35 7 d8 x24
+c7dx7 + =B AP xBTS X s A d* PP 7 X s — P xPPrcd X ——
8 2 4 2 8

Problem 205: Result more than twice size of optimal antiderivative.

JxlS (c+dx)7 (2c+3dx) dx

Optimal (type 1, 14 leaves, 1step):

1 16 8
— X c+dx

Result (type 1, 98 leaves):

CS X16

7 35 7 d8 x24
+c7dx7 + =B AP xBTS X A d* kP 7 X s — 2 xP rcd X
8 2 4 2 8
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Problem 206: Result more than twice size of optimal antiderivative.

J(a+bx)

Optimal (type 1, 28 leaves, 2 steps):
2

bx + ix5 (2a+bx)5

2 160

1+

dx

bx2\*4
ax+ )

2

ax+

Result (type 1, 80 leaves):

bx? a*x> 1 1 1 1 b> x1@
+ r—atbxb+=adpix’ + —a?bix®+ —ab*x’+
2 5 2 2 4 16 160

ax+

Problem 207: Result more than twice size of optimal antiderivative.

J(a+bx)

Optimal (type 1, 31leaves, 2steps):

b x2 1[ b x?
+ — |C+aX+
2 5 2

2\4
1+[c+ax+ ] dx
2

5

aX+

Result (type 1, 108 leaves):

1
——x (2a+bx) (80+80c4+16a4x4+32a3bx5+24a2b2x5+
160

8ab’x” +b*x®+80c>x (2a+bx) +40c*x? (2a+bx)2+10cx3 (2a+bx)3)

Problem 209: Result more than twice size of optimal antiderivative.

J(a+bx)

Optimal (type 3, 35leaves, 2 steps):
bx2\1n

sz . (c+ax+T)
2 1+n

dx

24N
1+[c+ax+ ]
2

ax+

Result (type 3, 73 leaves):
2

1(2c (c+ax+
2 (1+n)

bx%\"

2

+bx?

n bx2\"
] +2ax(1+n+[c+ax+ )

2

1+n+(c+ax+

|

2

Problem 210: Result more than twice size of optimal antiderivative.

3,5
j(a+cx2) ax+cx]

3

1+ dx
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Optimal (type 1, 30leaves, 2 steps):
cx3 1 6

3 6

cx3

3

ax+

ax+

Result (type 1, 93 leaves):

3 6 6 6 18
CX a® x 1 5 10 5 1 c®x
+ +—atexiy —atc?xy —atc3xtr —atctxM s 5 x16 4

3 6 3 18 81 162 243 4374

ax+

Problem 211: Result more than twice size of optimal antiderivative.
J(a+cx2> +[d+aX+CX3J5

3
Optimal (type 1, 31leaves, 2steps):

dx

cx3)\°®

3

cx3 1[
+— |d+ax+
3 6

ax+

Result (type 1, 140leaves):
1

4374
X (3a+cx?) (1458 +1458d° +243a°x° +405a* cx’ +270a3 c?2x® +90a% 3 xM? +15a c* x*3 + ¢® x1®

1215 d* (3ax+cx3) +540d3 <3ax+cx3)2+135d2 (3ax+cx3)3+18d <3ax+cx3)4)

Problem 212: Result more than twice size of optimal antiderivative.

J(bx+cx2>

Optimal (type 1, 34 leaves, 2 steps):

bx2 cx3 xt2 (3b+2c:x)6
+ +

2 3 279936

1+ +

2 3

dx

b x2 cx3)5

Result (type 1, 98 leaves):

2 3 6 12 6 18
bx L X +bx +ibscxls+ B T B RN e I B 1 besxl7, =X
2 3 384 96 288 " 324 648 486 4374

Problem 213: Result more than twice size of optimal antiderivative.

J(bx+cx2)

Optimal (type 1, 41leaves, 2 steps):

6

5

+

2 3

dx

[ bx? cx3
d+

+ + — +

bx2 c¢x3 1( bx?2 cx3
+
2 3 6 2 3
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Result (type 1, 146 leaves):
1

279936
(46 656 + 46 656 d° + 243 b° x*® + 810 b* ¢ X! + 1080 b c? x? + 720 b% 3 x*2 + 240 b c* x¥* + 32 c® xP° +

X2 (3b+2cx)

19440.d* x* (3b+2cx) + 43200 x* (3b+2cx)?+540d2x° (3b+2cx)’+36dx* (3b+2cx)*]

Problem 214: Result more than twice size of optimal antiderivative.

5 bx2 cx3)\®
J(a+bx+cx) 1+ |ax+ + dx
2 3
Optimal (type 1, 46 leaves, 2 steps):
bx2 cx? 1 bx2 cx3)°®
ax+ + + — laX+ +
2 3 6 2 3
Result (type 1, 244 leaves):
a®xf 1 5 5 5a2x1° (3b+2cx)?*
+—a5x7(3b+2cx)+—a4x8(3b+2cx>2+—a3x9(3b+2cx)3+ ( ) +
6 6 72 324 2592
b>x 5 5 5 5 c> x1®
a|x+ +—b*ex+ —b3c?xB s —b2Axy be*xP®+ ——| +
32 48 36 54 162 243
X2 (729 b® x1© + 2916 b® ¢ x** + 4860 b* c? x*? +
279936

4320 b° ¢ x*? + 2160 b c* XM + 576 b (243 + > x™®) + 64 ¢ x (1458 + > x™*) )

Problem 215: Result more than twice size of optimal antiderivative.

J(a+bx+cx2)

bx2 c¢x3)°
+

2 3

dx

1+[d+ax+

Optimal (type 1, 47 leaves, 2 steps):
bx? cx3)\®
+

2 3

bx? cx3 1[
+ +— |d+ax+
2 3 6

ax+

Result (type 1, 248 leaves):

—x(6a+x<3b+2cx))

279936

(46656+46656 d® + 7776 a°> x> + 243 b> x1° + 810 b* c x** + 1080 b3 c? x*? + 720 b% 3 x*3 +
240 b c* x¥* + 32 ¢ x*° + 6480 a* x° (3b+2cx) +2160 a3 x’ (3b+2cx)2+
360 a2 x8 (3b+2cx)3+30ax9 (3b+2cx)4+19440d4x (6a+x (3b+2cx)) +

4320d° x* (6a+x (3b+2cx))2+540d2x3 (6a+x (3b+2cx))3+36dx4 (6a+x<3b+2cx))4)
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Problem 221: Result more than twice size of optimal antiderivative.

J(1+2x) (x+x2)3 (—18+7 <x+x2)3)2d1x

Optimal (type 1, 33 leaves, ? steps):

81 x* (1+x)4—36x7 (1+x)7+£x1° (1+x)1°

10
Result (type 1, 96 leaves):
12551 x10
81x*+324x>+486x% +288x7 -171x8-756 x> - ——————— ~ 1211 x** -
10
1071 x!2 6174 x1° 441 x18 49 x2@
+336x13+993 x¥ + ————— +1029x% + 588 x17 + ————— +49x¥° + ———
2 5 2 10

Problem 222: Result more than twice size of optimal antiderivative.

fo* (14%)3 (1+2x) (—18+7x3 (1+x)3)2d1x

Optimal (type 1, 33 leaves, ? steps):

81 x* (1+x)4—36x7 (1+x)7+£x1° (1+x)1°
10

Result (type 1, 96 leaves):

12551 x1@
81x*+324x> +486x% +288x7 -171x8-756 x> - —————— ~ 1211 x** -
10
1071 x!2 6174 x1° 441 x18 49 x2@
+336 x13 + 993 x4 + +1029 x% + 588 x17 + +49 X%+ ———
2 5 2 10

Problem 227: Result is not expressed in closed-form.

A+Bx+Cx%2+Dx3
J dx

a+bx+cx2+bx3+axt

Optimal (type 3, 605 leaves, 9 steps):
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(4a2B+b(b—\/m)D—a(A (b—x/8a2+b2—4ac)+bC—x/8a2+b2—4ac C+2cDJ]

Ar‘cTan[

b-+/8a%2+b? -4ac +4ax ]/
\/TJ4a2+2ac—b(b— 8a2+b2—4ac)

2 a+/8at+b%-4ac \/4a2+2ac—b(b—x/8a2+b2—4ac] ]—

[4a23+b

—_

b++/8a%2+b? -4ac ] D-

a[A (b+x/8a2+b2—4ac]+bC+x/8a2+b2—4ac C+2cD)]

Ar‘cTan[

b+vV8a2+b2-4ac +4ax ] /
\E\/4a2+2acb(b+\/8a2+b24ac)

2 a+/8at+b%-4ac J4a2+2ac—b(b+x/8a2+b2—4ac] J—

({Za (A-C) + [b—x/8a2+b2—4ac ) D| Log[2a+ (b—w/8a2+b2—4ac
(4ax/8a2+b2—4ac ] +
([Za (A-C) + [b+«/8a2+b2—4ac ) D

[4a\/8a2+b2—4ac]

Result (type 7, 98 leaves):

x+2ax?|

/
/

Log[2a+ (b+x/8a2+b2—4ac ) X +2ax?]

RootSum|a+ bl +cul? + bnl®+anl* &,
(Alog[x-#1] +BlLog[x-n1] #1+CLog[x - #1] #1%+DLog[x - 1] 113) /
(b+2cul+3bn1®+4anl®) &

Problem 250: Result is not expressed in closed-form.

Jx3 (5+x+3x2+2x3) 4
X

2+x+5x2+x3+2x4
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Optimal (type 3, 307 leaves, 13 steps):

—i(35—91’1\/7)x—i(35+9J’1\/7)X+i(7—51'1\/7) X2 +
28 28 28

i(7+5]’1\/7) x2+i(7—51\ﬁ) x3+i(7+5jﬁ) X3+
28 42

42

11 (91’1+5\/7) ArcTan|[ 178 ] 9 (91’1—5\/7) ArcTan | —L:iZ-8x |
2 (35+]1 ﬁ) 2 (35-1'1 ﬁ)

4J14(35+]1\/7) 4\/14(351‘nﬁ)

1; (7-11:V/7 | Log[4+ (1-i V7 | x+4x] +i (7+118 V7 ) Log[4+ (14177 | x+4x]

Result (type 7, 109 leaves):

i(x (—15+3x+2x2) +

3 RootSum|2 + 11 + 5512 + 113 + 2 11* &, (16 Log[x - #1] + Log[x - 1] #1 + 19 Log [x - #1] #1% +
3log[x-#1] #1%) / (1+1001 +311% + 811°) &])

Problem 251: Result is not expressed in closed-form.

sz (5+x+3x2+2x3)

2+x+5x2+x3+2x4

dx

Optimal (type 3, 269 leaves, 13 steps):
LS (7_511\/7) ci b (7+5j1\/7) ci b (7—515)
14

14 28

X2+i (7+5j1\/7) X2 -
(531‘1+\/7) Ar‘cTan[—L'i Tr8x |

(5311—\/7) Ar‘cTan[—L Tr8x |
2 (35417 |

2(354#7)
2\/14(35+1\/7) 2\/14(35-11\/7)

o (354937 | Log[4+ (1-i/7 | x+4x?] 751—6 35-93 V7 | Log[4+ (14377 | x+4x?]

Result (type 7, 101 leaves):

2
X + — - RootSum |2 + 11+ 511% + 11% + 211% &,
2

(2Log[x-11] +3 Log[x -n1] #l+Log[x-#1] #1%> + 5 Log[x - #1] u1?) /
(1+1011+3 112+ 8113) &
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Problem 252: Result is not expressed in closed-form.

Jx (5+x+3x2+2x3) 4
X

2+x+5x2+x3+2x4

Optimal (type 3, 230leaves, 11 steps):

I (7o5ivT | xs = (705897 | x-

14 14

(19i+7ﬁ) ArcTan | =7 -8x ] (191’1—7\/7) ArcTan| L7 -8x |
2 (35417 | m

\/14(35“1\/7) \/14(35-;1%7)

21—8 (7+5iV7 | Log[a+ (1-1V7 | x+4x?] +i (7-5iV7 | Log[a+ (1+1V7 | x+4x?]
Result (type 7, 94 leaves):

X + 2 RootSum|2 + 11 + 5512 + 113 + 2 11* &,
(-Log[x -#1] +2Log[x-#1] #1-2Log[x-n1] #11% + Log [x - 1] 113) /
(1+1011+3 017+ 811%) &

Problem 253: Result is not expressed in closed-form.

5+X+3x%2+2x3
J dx

2+X+5x2+x3+2x4
Optimal (type 3, 198 leaves, 9 steps):

(191'l+7\/7) Ar‘cTan[M] (191‘1—7\/7) Ar‘cTan[M}
2(35+1‘1ﬁ) 2(3571\5)

\/14(35+jﬁ) J14(35—i\/7)

1 1
= (7+5]1\/7) Log[4 + (1-11\/7) X+ 4x2] + — (7-5]1\/7) Log[4 + (1+]1\/7) X +4x%]
28 28
Result (type 7, 90leaves):
RootSum|2 + 1 + 5112 + 113 + 2 11 &,
5Llog[x-H1] +Log[x-11] #1 + 3 Log[x - #1] #1% + 2 Log [x - #1] =13
1+1081 +3 512+ 8113

8]

Problem 254: Result is not expressed in closed-form.

5+X+3x%2+2x3
J dx
x(2+x+5x2+x3+2x4)
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Optimal (type 3, 245leaves, 13 steps):

(53+ i \/7> Ar‘cTanh[—i’\M] (53— i \ﬁ) Ar‘cTanh[M}
m 2 (35427

2J14(35]1ﬁ) 2J14(35+11v7)
i (35-91\/7) Log [X] +i (35+9i\/7) Log[x] -
i(a&%ﬁ) Log[4j1+(j—\ﬁ)x+4jx2]—i(35+91\ﬁ) Log[4]1+(]1+\/7)x+4jx2}
56 56

Result (type 7, 101 leaves):

5Log[x 1

croel] 1 RootSum[2 + =1 + 5512 + 51% + 2 51 &,

2 2

(3Log[x-#1] +19Log[x - #1] #1 + Log [x - #1] #1? + 1@ Log[x - #11] 11%) /
(1+1011+3 117+ 811%) &

Problem 255: Result is not expressed in closed-form.

5+X+3x%2+2x3
J dx
x2 (2+x+5x2+x3+2x4>

Optimal (type 3, 281 leaves, 13 steps):
11 (9+ 54 ﬁ) ArcTanh | —Z-8ix |
35.9i1+/7 35+9i+7 (235197
- - +
28 X 28 X

4\/14(35—1‘1\/7)

11 (9-5i V7 | ArcTanh[ —2oZ8ix |
[2(35:27 )

2 (7—1111\/7) Log[x]-i (7+1111V7) Log[x] +
56 56

4\/14 (35”'1\/7)

R (7412377 | Log[4i+ (i-V7 | x+4ix?]+

(7-11i /7 | Log[4 i +
112

j+ﬁ)x+4jx2}

112

Result (type 7, 109 leaves):

5 3log[x] 1
> 2loslxd | ~ RootSum[2 + #1 + 5112 + 11 + 211% &,
2 X 4 4

(-35Log[x-#1] +13 Log[x - #1] 11 - 17 Log[x - #1] #1% + 6 Log [x - 1] 113) /
(1+10m1+3 017+ 811%) &
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Problem 256: Result is not expressed in closed-form.

5+X+3x%+2x3
J dx
x3 (2+x+5x2+x3+2x4)

Optimal (type 3, 317 leaves, 13 steps):
35.9i+/7 35+9i+/7 3(7*111'1V7) 3(7+111'1\/7)
- - + +

56 x2 56 X2 56 X 56 X

+

355-731 /7 | ArcTanh [ =282 ] (355473147 | ArcTanh [ =280

8\/14(35—1’1\/7) 8\/14(35“'1\/7)

1
16

L(357911v7) Log[41‘1+(j—ﬁ)x+4jx2]+i(35+9j\/7) Log[4i + (i +V/7 | x+4ix?]

32 32

1

(35791\5) Log[x] -
16

(35+9]1ﬁ) Log[x] +

Result (type 7, 116 leaves):
5 3 35 Log [x]

+ -+
4x2 4x 8

1
— RootSum|2 + 11 +511% + #1% + 2131% &, (61 Log[x - H1] + 141 Log[x - #1] ©l +
8

47 Log[x - 111] 1% + 7@ Log [x - #1] 513) / (1+ 1011 + 311% + 8111%) &|

Problem 257: Result is not expressed in closed-form.

J x? (3a+bx?)

a2+2abx?2+b?x*+c?xb

dx

Optimal (type 3, 19leaves, 2 steps):
ArcTan | °:3 ]

a+b x?

C

Result (type 7, 87 leaves):

L 3alog[x-n1l] #l+b Log[x - f1] r13
= RootSum|a?+2ab1?+b?H1% + 2 H1° &, gl ] gl ]
2

8]

2ab+2b2H12+3c2 14

Problem 387: Result is not expressed in closed-form.

XZ
J—dlx
2- (1+x2)4

Optimal (type 3, 157 leaves, 8 steps):
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iV1-12Y% ArcTan|—>*——| i+/1+i2V% ArcTan[—>

1-1i21/4 A 141 21/4
4 23/4 4 23/4
V1+2Y4 ArcTan[—*—] +/-1+2'% ArcTanh| —*
1+2%/4 ~1+21/4
+
4 - 23/4 4 23/4

Result (type 7, 61leaves):
Log[x-#1] #1

1
-~ RootSum|[-1+411%+ 651 + 411° + 11% &, &]
8 1+3m12 4 371% + 116
Problem 388: Result is not expressed in closed-form.
X2
J —ax
2- (1-x2)*
Optimal (type 3, 157 leaves, 8 steps):
vV -1+2Y% ArcTan x i+1-1i2¥% ArcTanh X
[ ~142Y/4 ] [wll—ﬁ 21/4
- 4 23/4 N 4 23/4 i
iV1+1i2Y4 ArcTanh|[ —>*——] +/1+2'Y4 ArcTanh| —*—|
1+i 21/4 1+21/4
4 23/4 N 4 23/4
Result (type 7, 61leaves):
1 L -ml) Hl
-~ RootSum|[-1-411%+ 651 - 411° + 11% &, oglx-=1) 8 &|
8 -1+3712-311% 4+ 718
Problem 389: Result is not expressed in closed-form.
X2
J — X ax
2+ (1 + XZ) 4
Optimal (type 3, 188 leaves, 8steps):
(-1)M* /1~ (-2)"* ArcTan| —>*——]
17(72>1/4
4 23/4 h
(-1)%*/1+1 (-2)Y* ArcTan[ —>——] (-1)Y*/1+ (-2)Y* ArcTan| —*——
141 (-2)Y/4 - N 14 (-2)Y/4
4 23/4 4 23/4
1 1+1 1+ 1
—j((72)1/4+\/7) ;lArcTan[ = x]
8 (1+1d) +2%/4 (1+d) +23/4

Result (type 7, 61 leaves):

+
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Log[x -#1] #1

1 2 4 6 8
= RootSum|3 +411% + 6 #1* + 411° + 11° &,
8 1+3#12+3081%+ 118

Problem 390: Result is not expressed in closed-form.

X2
J — X ax
2+ (1-x2)*
Optimal (type 3, 188 leaves, 8 steps):

(-1)Y*/1- (-2)"* ArcTanh| —>——]

17(72>1/4
- 4 23/4 ’
(-1)**/1+1 (-2)Y* ArcTanh| —>*——] (-1)"*{[1+ (-2)"* ArcTanh| —>—]
\1+i (-2)Y4 ) R AN
4 - 23/4 4 23/4
l1'1((—2)1/4+\/?) BN ArcTanh | B x|
8 (1+1d) +23/4 (1+i) +2%4

Result (type 7, 61 leaves):
Log[x -#1] #1

8]

1 2 4 6 8
— RootSum|3 - 411% + 6 1#1* - 411° + 118 &,
8 -1+381%-311%+11°

Problem 391: Result is not expressed in closed-form.
1-x2
—dx
Ja+b (l—xz)4

Optimal (type 3, 663 leaves, 16 steps):
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—a +/b +bl/4 _ 1/8
bY/8 x \/ V-a +4/b b/t Ar‘cTan[ a /b D 2 b X}
Ar‘cTan[i

(~a)/4_pl/4 AV -a +/b -bY/4

- +

a~a [ (-a)e-pre pus avZ "2 \Voa evb b

—a +/b +bV/4 /2 bl/E
J\/ V-a ++/b -b¥* ArcTan| : X] bi/e
) ArcTanh [ —2—*——
\/:Jr\m —pl/4 (—a)l//4+b1/4

R R N v Lo e
ST 5 5 gV or o 7 s s ot ]| /
[Sﬁﬁmbm] -

ST o a7 | Tr s st i) |/
[Sﬁﬁmbm]

Result (type 7, 63 leaves):

RootSum[a+b-4bu12+6bul* -4bn1® + bul® &, LB g]
n1-2113+11°

+

8b
Problem 392: Result is not expressed in closed-form.
J 1-x2
—dXx
a+b (—1+X2)4

Optimal (type 3, 663 leaves, 17 steps):
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\~a +V/b +bY/* _\[2 bY/8
[ bi/8 x \/ V-a ++/b -b'* ArcTan| : X}
ArcTan| ————
(~a)/4_pl/4 AV -a +/b -bY/4

- +

4/ -a (_a>1/4_b1/4 b3/8 4\/?5 /\/:+\/F p3/8
SN oV bt arcran LT 0t v
Ar‘cTanh[’i"
v -a +V/b _pl/4 . (—a)l/d+b1/4
42 </-a /\/:Jr\m b3/8 4-/-3 /(—a)1/4+b1/4 p3/8
J\/ﬁ-ﬂﬁ b Log[\/V"a + b WWH+W bYE Bk bie] |/
[sﬁﬁ«/ﬁ+ﬁ b3/8] -
\/x/\/§+ﬁ b Log[\/V a + b w?wmw? bYE Bk bie] |/

vz v e Ve v

Result (type 7, 63 leaves):

+

RootSum[a+b-4bu12+6bul* -4bn1® + bul® &, LB g]
n1-2113+11°

8b

Problem 393: Result is not expressed in closed-form.

J <1+x2)2 ix

axé+b (1+x2)3

Optimal (type 3, 168 leaves, ? steps):

1/3,.11/3 _(_1)1/3 31/3,.p1/3 1y2/3 31/3 . p1/3
Ar‘cTanP:a x| ApcTan [ MR X ApcTan [ R X
pl/6 pl/6 pl/6
+ +

3+/al/3 + bl/3 p°/6 3\/, (,1>1/3 al/3 , pl/3 p5/6 3\/ (71)2/3 al/3 , pl/3 p5/6

Result (type 7, 95 leaves):
Log[x-#1] +2 Log[x - #1] #1? + Log [x - #1] #1*

1
= RootSum|[b+3b =12+ 3b#H1* + anl® + bul &,
6 brl+2bnul®+anl®+bul’

Problem 421: Result more than twice size of optimal antiderivative.

2
Jidlx
-1+4x?
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Optimal (type 3, 6leaves, 2 steps):
-ArcTanh[2 x]

Result (type 3, 23 leaves):

1 1
2 [—Log[l—Zx] - —Log[1l+2x]
4 4

Problem 491: Result unnecessarily involves imaginary or complex numbers.

szdx
1+(—1+X2>2
Optimal (type 3, 188 leaves, 10 steps):
/2(1+ﬁ) ~2x /2(1+\/7) L 2x
(1+\/7) ArcTan | ]+§ (1+\/7) ArcTan | |+
/2(71+ﬁ) /2(7 +\E)
Log[ﬁ— 2(1+\E) x+x2] Log[\/?Jr 2(1+\/7) x+x2}

4 |2 (1442 4 2 (1+V2)

Result (type 3, 39leaves):

N
N |
N |

ArcTan[ —*—| ArcTan| —*—|

-1-1 -1+1

(717]1)3/2 (71+]-l>3/2
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Summary of Integration Test Results

494 integration problems

A - 390 optimal antiderivatives

B - 32 more than twice size of optimal antiderivatives
C - 2unnecessarily complex antiderivatives

D - 70 unable tointegrate problems

E - Ointegration timeouts



